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^ , Abstract. In this paper wc study the Dirichlct problem 

I ~ApU = a\u\P~^u + uj in fi, 
^^ . \ u = on dn, 

where a and tj are nonnegative Borel measures, and ApU = V ■ (V« | Vit|''~^) 

is the p-Laplacian. Here fl C R" is either a bounded domain, or the entire 

P^ ' space. Our main estimates concern optimal pointwisc bounds of solutions in 

.^^ ' terms of two local Wolff's potentials, under minimal regularity assumed on a 

, , and uj. In addition, analogous results for equations modeled by the fc-Hcssian 

,S^ • in place of the p-Laplacian will be discussed. 

-)— » 

a 

B-. 

1. Introduction 

^ ' 1.1. In this paper we develop an approach to studying the local and global point- 

OO I wise behaviour of solutions to equations with natural growth terms, under minimal 

^f ' regularity assumptions. Let fl C R" be an open set, with n > 2, and let 1 < p < rt. 

The model problem under consideration is the following Dirichlet problem: 



(N, 

r — ^ , I —ApU = (Tu^^^ + u! in il, 

O : (1.1) < It > in f], 

M = on dfl. 



Throughout this paper we will assume that the potential cr is a locally finite non- 
negative measure, and the inhomogeneous term w is a finite nonnegative measure. 
. , Here ApU = V • (| Vm|''~ Vu) is the p-Laplacian operator. Since our aim is to study 

j^ ■ (|l.ip in a low regularity setting, in all our results the p-Laplacian operator can be 

replaced by a general second order quasilinear operator with standard structural 
assumptions, for instance the ^-Laplacian operator (see e.g. JHKM06) ). 

The equation (jl.ip is a very natural perturbation of the p-Laplacian operator, 
and the local behaviour of solutions to equations of the type (jl.ip is a heavily studied 
topic, beginning with the classic works of Serrin |Ser64] : Trudingcr jTru67j : and 
Ladyzhcnskaya and Ural'tseva }LU68j , where suitable L'' assumptions are imposed 
on a and cu. The purpose of this article is to study the pointwise behaviour of 
solutions to ()1.1|) . including the cases where the potential and data arc too rough 
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to fall within the studies previously cited. In particular classical tools such as 
Harnack's inequality are no longer valid in general for positive solutions of (jl.ip . 

In recent papers |AHBV09] and jGre02| it is pointed out that the existence 
problem for (jl.ll) is non-trivial for general measure right hand side w, even under 
the assumption that a e L'^{Vt) for q > n/p. In these papers, the existence problem 
for (|1.1|) for measure data uj is solved under the assumption that a e L''(51) for 
q > n/p with small norm. If one avoids the phenomenon of interaction between a 
and w, then a simple analysis (see Remark 6.1 of |AHBV09] ) shows that this L'' 
class of potentials a is optimal on the Lebesgue scale in order to solve the equation 
(jl.ip for all finite measures uj. 

Here we investigate solutions of (|1.1|) taking into account the interaction between 
the two terms a and uj. The problem turns out to be less robust than the super- 
critical case studied earlier in |PV06| IPVOSl IPV09J . where the avP~^ term in (fLTj) 
is replaced by au'' with q > p — 1. The equations with natural growth terms 
q = p — 1 have all the hallmarks of the end-point case where more subtle methods 
of analysis are in order. For example, in what follows we will make extensive use 
of John-Nirenberg type BMO estimates in weighted spaces where the underlying 
measure is non-doubling. 

As a result of our study, existence results are extended to more general classes 
of measures a which could be singular with respect to Lebesgue measure. More 
salient is that our approach reveals pointwise behaviour of solutions. The latter 
reduces questions of finer regularity of solutions u of (jl.ip to merely checking norm 
mapping properties of certain nonlinear integral operators. By now this is a well 
developed approach to deducing fine properties of nonlinear equations, see e.g. 
JDMIOI IDMlli IMin07[ IMinlll IPV081 IPV09| and references therein. 

The results of this paper are bound to be complicated due to the two-weight 
nature of the problem (the interaction between a and lo). To compensate for this, 
we provide several examples of classes of both a and lo where our main theorems 
can be applied and where the pointwise expressions we obtain for solutions of (jl.ip 
simplify. 

1.2. In order to motivate our main results, we will first discuss the problem in the 
entire space R". In this case the Dirichlet problem (|l.ip reads: 

J ~ApU = auP-^ + a; in R", 
I infj-eRn u{x) = 0. 



In equation ()1.2|) . solutions are considered in the sense of p-superharmonic functions, 
see Section 13.21 When dealing with Dirichlet boundary conditions in bounded 
domains we will work with the stronger notion of renormalized solutions. 

In our previous work [JV10| . we studied an important special case of (jl.ip . 
namely, the fundamental solution: 

(1.3) - ApU = auP-^ + S.j,„ in K", and inf u(x) = 0. 

Here 6xo is the Dirac delta measure with pole at xq- By producing sharp global 
pointwise bounds for solutions (see (|1.5p below), we showed that the problem is 
controlled by two local potentials; the local nonlinear Wolff's potential, and a lo- 
cal fractional linear potential (defined in (|2.6|) and ()2.7|) respectively). These two 
potentials will play a prominent role in what follows. 
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Furthermore, it was shown that a necessary condition for the existence of a 
positive supersolution (in any reasonable sense), i.e., the integral inequality: 

-Apu > avP-^ in R", 

is that the potential a should satisfy the condition: 

(1.4) a{E) < C(cr) capp(£') for all compact sets E C R", 

with C{(t) = 1. Here capp is the standard p-capacity relative to R" (see (|2.5p 
below). It is known that in many nonlinear elliptic problems with measure data 
working with this capacity is very natural, see e.g. [DMMOP] . With this in mind, 
a primary result of |JV10j can be summarized as follows: 

There exists a positive constant C = C{n,p) so that if a satisfies (|i.^[ j with 
C{a) < C , then there exists a solution of il.S\) so that: 

'^-^°l'CT(S(x,r))N^i/(p-i)drN 

(1.5) ■^^ , ■ • 

\ 7q j-n-p J. 

Here and elsewhere in the paper, the symbol sa denotes a bilateral pointwise 
bound, so that the constant c = c{n,p) > in (jl.Sp may differ on each side of the 
bound. In other words, u{x) w cf{x)e'^^'^^\ if there exist constants ci,C2 > which 
depend only on n and p so that: 

ci/(x)e=i5(^) < u{x) < C2f{x)e'''s{x)^ 

where u, /, g are nonnegative functions. Our principal aim is to extend such a result 
to when Sxo is replaced by a general measure uj. We will see that this generalisation 
is by no means straightforward. 

The bound (|1.5p leads to a natural candidate for a global pointwise bound for 
solutions of (|1.2|) for general w. Indeed, one might expect to be able to find a 
solution of (11.21) with the bilateral estimate: 



u{x,xo)^c\x-xo\p-^ cxp[c (^ — -^^ — j —I 






(1-6) r , rr „iui^ „^^^„. ii/(p-i)dr 



expl 

B{x,r) ^ Jo 



r 



There is substantial evidence to support (|1.6p . The reader can check that it 
coincides with p.Sp when lo ~ S^g. Second, it would recover the pointwise bounds 
already found very recently in the linear case p = 2 in JFVIOI IFNVlOj . However, 
in general (|1.6p turns out to be false. 

In order to see that (|1.6p fails in general, we introduce another class of examples, 
of interest in their own right. Let us consider solutions u of: 

( -ApU ^auP-^ in R^, 
[ inf^jgR- M = 1. 

This equation has been heavily studied (in both the entire space and in domains) in 
the case p = 2, where it is related to the so-called gauge, or the Feyman-Kac func- 
tional, see e.g. |CZ95|lFNV10] . We will see that for the purposes of the pointwise 
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bounds in this paper, this equation is essentiaUy equivalent to the problem: 

j-ApU = auP-^ + a in R", 
[ inf^gRn u = 0, 

which is of the form (|1.1|) . Both equations (jl.7|) and (|1.8|) will be studied in Section 
[71 where it will be shown that there exists a constant C — C{n,p) so that if a 
satisfies ^1-4^ with C{a) < C , then there exists a solution u of fil.8\) so that: 

'a{B{x,r))\^np-^)dr- 
r 



(1.9) 



u{x) 



exp 



/ /■°°/cr(B(x,r))\i/(p-i)dr\ 
V /n V r^-P / r ) 



1 



u{x) 



(1.10) 



j.n—p 



exp I c 



The main observation regarding the bound (jl.9p is that the linear potential 
l^^{da){x) does not appear at all. Consequently, if 1 < p < 2, one can find examples 
of a so that quantity appearing in (jl.6|) is identically infinite (when uj = a), but 
also so that the quantity in (|1.9|) is uniformly boundecl^. It follows that the bound 
(|1.6p is not sharp in general. 

From the bound (jl.9p . along with a simple summation by parts argument, one 
is lead to the another potential bound for solutions of (|1.2p : 

'(T(B(a;,s))Nji/(p-i)dsN 
s 

( r fa(B(z,s))\^/iP-T-)ds\ , ni/(p-i)dr 
, , cxp^c/ ( ) -j^^W -■ 

lB{x.r) ^ Jo ^ S ^ ^ ' -' ^ 

The bound (|1.10p coincides (up to multiplicative constants) with (|1.9p \i u = a. 
However, when a; = 5xq, (jl.lOp clearly does not match (jl.Sp . 

1.3. An example theorem. It turns out that a combination of the two bounds 
(|1.6p and (|1.10p yields optimal pointwise estimates for solutions of p.2p . As the 
discussion above shows, such a result should depend on whether 1 < p < 2 or 
p>2. Analogous results will be proved in a bounded domain Q,. These results will 
be stated in Section [2] For the purpose of this introduction we content ourselves 
with a statement of our main result in the case p > 2 and Vt ~ R" : 

Theorem 1.1. Let p > 2. Suppose that there exists a solution of il.S^) . Then there 
exists a constant c > 0, depending on n and p, so that: 

'" 1 / ^/cr(B(.T,s))^l/(p-l)ds^ 

gn-p ) g 

a(B(z,s))ds\ , , ji/(p-i)dr 

iB(x,r) ^ Jq s f s y J r 

Conversely, there exists a positive constant C{n,p, c) > so that if a satisfies Jj.^p 
with C{a) < C , there is a solution of lll.2\) such that: 

1 / /■'■/cr(B(x,s))^^l/(p-l)ds^ 

s 

i/(p-i)dr 



u{x) > c 



(1.11) 



j.n—p 



exp I c 



u{x) < Cl 



(1.12) 



■ exp I c 



exp 



B{x,r} 



gn-p 

'cr(S(z,s))^^l/(p-l)ds 
s 



(=„(^w^) "?)-(=) 



One way to do this is to pick a set E C B{0, 1) so that the Ricsz capacity eapj p{E) > 0, 
but cap /2 2(^) ~ ^- This is possible if and only if 1 < p < 2, see Theorem 5.5.1 of IAH96I . 
Then choose a to be the capacitary measure associated with E. By the dual definition of capacity 
(Theorem 2.5.2 of |AH96]) the result follows. 
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for a positive constant ci = ci{n,p,c) > 0, provided the right-hand side of the 
preceding inequality is finite at a single point x £ R" (for some choice of c > 0). 

Remark 1.2 (Concerning the optimality of (jl.lip and (|1.12|) ). For certain choices 
of w, either (jl.ll|) or (|1.12|) are sharp. This was shown in discussion in the previous 
paragraph; indeed, the display ()1.11|) is sharp if w = Sxq, and ()1.12p is sharp if 
uj = a. 

There are many classes of uj and a which satisfy the theorem above. In Remark 
11.31 below we consider a simple condition on a which ensures the existence of a 
solution u for any measure uj with corresponding pointwise bound. This condition 
in particular covers the work of JAHBV09] cited above. 

In Section |S1 we consider examples of conditions on uj so that one can deduce 
the existence of a solution for any potential a satisfying the condition (|1.4p with 
small constant. In particular we will focus on the three cases: 

(1) if w is a weak Aoo-weight (this includes 'power weight' right hand sides), 

(2) if u! lies in L'' for some q > I, 

(3) if u! lies in a suitable Morrey space. 

In these three cases, we will see that the bound (|1.12p simplifies. 

Remark 1.3. From Theorem 11.11 it follows that there exists a constant C = 
C{n,p) > so that if p > 2 and 

("^) f(^fe^)""-"?.C,,o.a„.cR", 

then there exists a positive constant c = c{n,p) > 0, along with a solution u of 
dOD such that: 

1 /■°°/w(S(a;,r))\i/(p-i)dr f"" /a;(B(a;, r)) \ i/(p-i) dr 

c io ^ ^"~'' ^ f ~ Jo ^ ^"""^ ^ r' 

The reader should note that the condition (|1.13p is satisfied whenever a G L^(R") 
for q > n/p (with small L' norm), and so the theorems presented in this paper 
recover the relevant results of |AHBV09] mentioned above. An analogous statement 
holds in the case 1 < p < 2, and also when R" is replaced by a bounded domain 
fl, as we will see in Section [51 

The preceding remarks explain that in a certain sense, the bounds of this paper 
are optimal. However, the following question remains: 

Problem 1.4. Find a matching bilateral pointwise bound for solutions of il.l\) 
which is sharp for each measure uj. 

Answering this question would be tantamount to inverting the nonlinear oper- 
ator —ApU — au^~^ pointwise. Such a bound must necessarily have a much more 
nonlinear dependence on ui. 

The bounds (|1.11[) and p.l2p are proved by studying certain local function spaces 
whose underlying measure is ct, the measure appearing in the lower order term in 
(jl.l[) . The proof of the lower bound (|1.11[) relies on a localisation procedure, see 
Section [5TT] below. The lower bounds are then proved in Proposition 15. II 

Our approach to proving the existence of a solution to (jl.ip with the corre- 
sponding global upper bound (|1.12p goes via the construction of solutions to certain 
nonlinear integral inequalities, see Section S] below. It had been already seen in 
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[JVlOj . that such integral inequahties are intimately linked with solutions of (jl.ip . 
It is these constructions which are the deepest portion of this paper. With this 
integral supersolution in hand, we complete the proofs of our main results with an 
iterative argument, which is carried out in Section [6] 

1.4. In Section [71 we study the equation ()1.8p . along with its counterpart in a 
bounded domain. Our interest here is primarily to assert the bounds alluded to 
in display (jl.9p above and the surrounding discussion. It will be convenient to 
utihze a well known substitution (see e.g. jlli48l IKK79[ IMP02i IADP06[ IAHBV09] 
and Proposition 17.21 below) , to study the closely related quasilinear Riccati type 
equation: 

]v = on (551. 

There have been many recent papers devoted to studying such equations under a 
variety of assumptions on a and w, see e.g. [FMOOi IAHBV09[ IPor02[ IMP02[ IGT031 
IADP06I IPS06] and references therein. In the process of asserting (|1.9p , we obtain 
the existence of solutions of ()1.14p with pointwise bounds for general measures a 
(Theorem 17.51 below). We thereby obtain an extension to quasilinear operators of 
work of Hansson, Maz'ya and Verbitsky |HM V99j , which complements the results 
in the aforementioned papers. 

1.5. The plan of the paper is as follows. In Section[2]we precisely state our main 
results. Sections [3H5] are then devoted to proving our main results: Section [3] 
introduces the required notation and background; Section 2] is then concerned with 
the construction of supersolutions to integral equations. In Section [5l we obtain 
lower bounds to solutions of (|1.1|) . The proofs are then concluded in Section IH 
where the constructions of Section |4] are used to prove the existence of solutions of 
(|1.1|) with corresponding bounds. 

The final sections of the paper deal with applications and auxiliary results. A 
study of solutions of the equation (|1.7p , along with their relationship to the equation 
(|1.14p with natural growth in the gradient is carried out in Section [T] Section [8] is 
then devoted to special cases where our theorems are applicable. Finally, in Section 
[9l we consider fully nonlinear analogues of the Dirichlet problem (jl.ip for Hessian 
equations with natural growth terms. 

2. Main results 

2.1. In this section we state our results. We will use two notions of solution to 
study (jl.ip : the local notion of p-superharmonicity and the stronger global notion 
of solutions in the renormalizad sense, see Section [3^ below for a brief discussion. 
Let us first state the capacity condition on a that will appear throughout the 
paper. For an open set fl C R", if m is a positive p-superharmonic solution of the 
inequality: 

(2.1) - ApU > avP-^ in f7, 
then, a obeys the following capacity condition: 

(2.2) f (£■) < Ccapp(E, ri) for any compact set E C il. 
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with C ~ 1. This was proved as Lemma 4.3 in JJVIOJI . Here cap„ is the standard 
p-capacity associated to the Sobolev space ly^'^(ri): 

(2.3) cappiE, n) = inf{ \\\/f\\l, : f>lonE, fe C^{n) }. 

Since any solution of (|l.ip trivially satisfies (|2.fp . it follows that a satisfies (|2.2p 
whenever there exists a solution of (|l.ip . Therefore, without loss of generality we 
impose that a satisfies 112. 2\) throughout the paper. 

To prove the existence of solutions of (jl.ip with corresponding upper bounds, 
we introduce a stronger condition, namely that: 

(2.4) a{E) < C{a) caPpiE) for aU compact sets E C R", 

for a positive constant C{(j) > 0. Here cap (S) ~ cap (S, R") is the p-capacity in 
the entire space, i.e. 

(2.5) capp(i?) = inf{ ||V/ H^, : / > 1 on i?, / e Co°°(R") }. 

It is immediate that cap (i?) < cap (£',17), whenever E C il C R". It is well 
known that (as a result of the Sobolev inequality) if a G Lp'°°(R"); then a satisfies 
(j2.4p . However, much more general a arc admissible for (J2.4I) . possibly singular 
with respect to Lcbesgue measure. Note further that (j2.2p and (|2.4[) coincide when 
n = R", and so our results arc sharpest in the entire space. 

In order to be concise, we will use standard notation for the local potentials. The 
fractional linear Ricsz potential T^ (da) , and the nonlinear Wolff potential W!^ ^ {da) 
are defined by: 

(2.6) i:;(da)(.)^r^fe^^,and 



(2.7) W^^,(da)(x) 



t"-" t 

cr(B(.T,i))\l/(s-l)dt 



t"-'3-'s J t 



respectively, where < r < (X), 0<a<n, 0</3< n/s, and l<s<oo. li r = oo 
then the superscript r in the notations above will be dropped. 

In the quasilinear case for equations of the p-Laplacian type we set: a = p, jS = 1 
and s = p. Recall that Theorem II. II from the introduction concerned the equation 
(|l.ip when i7 = R" in the case 2 < p < n, so we will next state our result when 
17 = R" and 1 < p < 2. 

Theorem 2.1. Let \ < p < 1, and suppose that u is a solution of lll.2\) in the 
p-superharmonic sense, then a satisfies ^2.4\ l. In addition there is a constant c = 
c{n,p) > so that for all x G R", 



/•c^ , cvJ \ (d(T)(x) r •. 1 j_ 

.In ^ r t^ , D^_ „\ / r 



On the other hand, under the assumption that the right hand side of \2. P|) is finite 
for some x G R" and c > 0, there is a positive constant Co ~ Co{n,p,c) > 0, 
so that if a satisfies {2.^^ with constant C{a) < C'o, then there exists a solution 



In IJVIOI , two proofs of the necessity of 112.21 1 are given. 
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u of U.^} . Furthermore, there is a positive constant ci = ci{n,p,c) such that the 
constructed solution u satisfies 

(2.9) ui.)<cj / e-^(-)(^)d.(.) -^^, 

Jo ^ ^ JB{x,r) ' ^ 

for allx gR". 

The discussion in the introduction shows that bounds in Theorem 12.11 are again 
optimal (cf. Remark ll.2[) . In particular, display (|2.9p is sharp if w = Sxm and p.Sp 
is sharp if w = tr. 

As in Remark 11.31 it follows that if 1 < p < 2, and there exists a constant C > 
so that: 

"(^^"'"))^^-<Cforall.eR", 



rn — p 
^ 



then there exists a positive constant c = c{n,p) > and an p-superharmonic 
solution of (11.21) so that: 



1 [°° (uj{B{x,r))y/(p-^)dr p /w(B(x, r)) \ i/(p-i) dr 



c 






The corresponding statement continues to hold in bounded domains. For examples 
of well known classes of uj where our theorems apply, see Section [S] 



Remark 2.2. The condition used in the existence result above that p.9p is finite at 
a single point x G R" is equivalent to the same expression p.9p being finite almost 
everywhere in R". In fact, either statement follows froin the following weaker tail 
estimate: there exists xq G R" and R > so that: 



OQ 



1 / r^ a{Bixo,s)\Bixo, j^)) y/(p-i) ds\ 



J B(xa,r) ^ Jo ^ ^ / S / 



i/ip-^)dr 

— < oo. 
r 



We discuss this further in Section W?]\ The analogous result is true when p > 2, 
and also in the case of bounded domains treated below. 

Let us now turn to our main results for the equation (jl.ip in bounded domains 
Q.. Define d{x) = infyggn I2; — y|, to be the distance to the boundary of 17, and let 
du be the diameter of O. 

Theorem 2.3 (Lower bounds). Let 1 < p < n. Suppose that u is a p-superharmonic 
solution of il.l\) in a bounded domain fl. Then there is a constant c — c{n,p) > 0, 
such that for all x £ D,: 
(i)ifl<p<2 then: 

(2.11) uix)>c ^„_, / e-i.(-)(^)rf.(z) -^^. 

Jo \ r ^ JB(x,r) ' ^ 

(ii) if 2 < p < n then: 

(2.12) u{x)>c / e^i;;('^'^)Wda;(z)V- -. 
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This theorem, along with the lower bounds in our previous stated results in the 
entire space, follow from Proposition 15.11 below. Let us now turn to the existence 
of solutions with corresponding global upper bounds. 

Theorem 2.4 (Existence and upper bounds). Let 1 < p < n. Suppose that: 

• 1 < P < 2 and 112. 13\) below is finite for some x G il and c > 0, or 

• 2 < p < n and \2.1^^ below is finite for some x G il and c > 0. 

Then there is a positive constant Cq = Co{n,p,c) so that if a satisfies Jj.^p with 
C{a) < Co, then there exists a renormalized solution u of M.l\] in il satisfying the 
following pointwise estimate for x G fl: 
(i)ifl<p<2: 

'2dn 



(2.13) u{x) < ci / (^^^— / e=i^(>^"'^-)(^)da.(z)) "' -, 

Jo ^ r ^ JB{x,r)nn ' r 

(a) if 2 < p < n: 



l.2do cWl {xnda){x) . \ ^ dr 

(2.14) uix) < ci / (- — / e^w5:,.(xnrf.)(.)rf^(,)A -^ ^. 

Jo ^ T JB(x.r)nQ. ' ^ 

Here ci = ci(c, n,p) > 0. 

These theorems remain to be optimal by looking at the special cases where 
w = Sxo or w = cr, as in our theorems stated in the entire space. 



3. Preliminaries 

3.1. Notation. For an open set i7, and a measure a defined on 51, we let LP{VL, da) 
(or L^^^(y>.,da)) to be the space of functions integrablc (or locally integrablc) to 
the p-th power with respect to the measure a. When a is Lebesgue measure, we 
instead write LP{VL) (or L\^^{Q)). 

For a measure defined on R", the mixed norm space LP{i'', da) is defined as the 
space of sequences of functions {/q}q6S so that: 



i/p 

[x] I < CX). 



(3-1) l|/|lL^(^^da) = (/[El/Q(^)l1'^''^-( 

Here Q is the lattice of dyadic cubes in R", see Section [331 

We define the Sobolev space W^''''{V,) (respectively W[Q'^(il)) to be the space of 
functions u so that u G L'P{n) and |Vu| G LP{rt) (respectively u G Lf^^{n) and 
\Vu\ G £L("))- 

Throughout this paper we use the display A < B, to mean A < CB, with C a 
positive constant depending on the relevant allowed parameters of the particular 
theorem or lemma being proved. For a a measurable set i?, we will often denote 
by \E\cr — cr{E), the a measure of £■. Finally, for a dyadic cube P € Q (see Section 
, the display: 

y reads as 'Hhe sum over all dyadic cubes Q which are contained in P" . 

QCP 
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3.2. Notions of solution. Let /i be a nonnegative measure defined on a (possibly 
unbounded) domain ft, and extend /i to be outside il so that the resulting measure 
is defined on R". In this section we introduce two of the notions of solution for 
quasilinear equations with measure data, i.e. the Dirichlet problem: 

(3.2) f-ApU = A* inO, 

1 M = on dQ. 

It is well known, see e.g. |Kil02j . that there are several notions of solution indepen- 
dently developed to study p.2|) . We will briefly discuss two of them; renormalized 
solutions, and p-superharmonic solutions. 

Superharmonic solutions. We say that u : il — > (— oo, oo] is p-supcrharmonic 
if u is a lower semicontinuous function, not identically infinite in any component 
of ri, and satisfying the following comparison principle: whenever D CC SI and 
h e C{D) is p-harmonic in Z), with h < u on dD, then h < u in D. 

It is well known (see, for instance |HKM06J ). that for each p-superharmonic 
function in Vl we can associate a measure //[u] on H. We then say that —ApU = /i 
in n in the p- superharmonic sense, if u is p-superharmonic in O, and ji[u\ = /i in 
the sense of distributions. In particular: 

Definition 3.1. We define m > to be a solution of — ApW = cru^"^ + uj in the 
p-superharmonic sense if w G L^~^ (fi, da) and d^[u] ~ u^^^da + dtu. 

Renormalized solutions. When working in a bounded domain SI, the more 
refined notion of renormalized solutions, introduced by P. L. Lions and F. Murat, 
is often most convenient, see |DMMOP] for a comprehensive introduction. Given 
a finite nonnegative measure /x, it is well known that we can decompose it as 
A* = A'o + /^s, where /^o is absolutely continuous with respect to capp, and p.'^ is 
singular with respect to cap . We say that m is a renormalized solution of p.2p if: 

Tk{u) eWl'^{Vl), for aU fc > 0; M G L'p-i)^'°°(17); 

and Vu G L(P-i)^^^°°(f7). 

In addition, for all Lipschitz functions h G iy^'°°(R) so that its derivative h' has 
compact support we have: 

\Vufh'{u)(l)dx+ I |Vu|P"^ Vu • V0/i(u)<i2; := f h{u)(j)dpo 
+ h{oo) / (pdpLs, 



n 



whenever (j) G W^'''{n) n L°°(S7) with r > n, and so that h{u)(j) G W^'^'ifl). Here 
h(oo) — limt_j.oo h(t). In particular: 

Definition 3.2. A function u satisfying p.3p is a renormalized solution of (11.11) if 
u G ifo^ (ri, dcr), and for any h as above: 

/ \Vu\Ph'{u)(l)dx+ I iVuf^^Vu- V#(u)dx= / \u\P-'^uh[u)(l)da 



-\- I h{u)(j)dfio -\~ h{oo) / (jyd^s^ 
whenever 4> G Tyi'''(f7) n L°°(r2) with r > n, and so that h{u)(j) G Wo'^'ifl) 
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The class of renormalized solutions is narrower than p-superharmonic solutions. 
The wider class of test functions prevents the existence of solutions which are 
influenced by a measure supported on the boundary of the domain^ as in some well 
known counterexamples for uniqueness of p-supcrharmonic functions (see |Kil02] ). 
This additional property yields a global potential estimate. Recall the definition of 
the Wolff potential from (j2.7|) with P — I and s = p. 



(3.6) u{x) > —W\^^{dti){x). 



Theorem 3.3 (Potential estimates). Let fi be a nonnegative finite measure in 
n. There exists a positive constant Ci ~ Ci(n,p) such that the following two 
statements hold: 

a). Suppose B{x, 2r) C fl, and suppose that u satisfies — Apit = /.i in B{x, 2r) in 
the p-superharmonic sense, then: 

1 

b). Suppose in addition that D, is a bounded domain, and suppose that u is a 
renormalized solution of \3.2\l . then there is a positive constant Ci = Ci{n,p) such 
that: 

(3.7) i_w£)/^rf^)(:r) < u{x) < CiW?,';»"("Vm)(:^-). 

Proof. Part a) and the lower bound of part b) in Theorem l3.3l are due to Kilpelainen 
and Maly jKM92| . The upper bound is a global version of a local estimate of 
Kilpelainen and Maly JKM94J obtained in |PV08j . D 

3.3. Consequences of the capacity condition. Let cr be a measure defined on 
R". In what follows we will need several consequences of the capacity condition 
(|2.4|) . i.e. that there exists a constant C{(j) > so that: 

a-{E) < C(cr)cap (iJ) for all compact sets E C R". 

The following result is a well-known theorem, due to work of Maz'ya, D. Adams 
and B. Dahlberg, which recasts the capacity condition as a multiplier condition: 

Theorem 3.4. |Maz85j Suppose that a nonnegative measure satisfies \2.4^ with 
constant C{cr), then the following inequality holds: 

(3.8) / \h\Pda<C{cr)(-^Y [ \\/h\Pdx, for allheC^iR''). 
Jr" Vp — 1/ _/j^„ 

Let us next note that there exists a positive constant c„^j,, depending on n and 
p, so that if a satisfies ()2.4|) . then for each ball B{x, r) C R": 

(3.9) a(B(.T,r))<C(a)c„,pr"-P. 

Display p.9p is a special case of (|2.2I) . It follows from the elementary fact that: 

capp(B(x,r)) ^ capp(B(0, 1)) • r"^?'. 

In what follows we will need several technical lemmas from |JV10j . Wc first 
quote Corollary 4.11 in |JV10j . which is a John-Nirenberg type result: 

Lemma 3.5. Suppose that a satisfies \2.4^ . Then whenever /3 ■ C{cr) < 1, there is 

a constant C{n,p) > such that: 

(3.10) 

f e'^^i'''(XErf'T)(y)^^(-^^ < C{n p) ^^^^^ j,^^ ^^^ compact sets E C R". 
Je 1 - C(a)l3 
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The second result shows that the Hausdorff measure condition p.9p gives us 
control over the tail of the Wolff potential. We present the proof in Appendix 
El below, in slightly more generality, since the proof had been deferred from our 
previous paper |JV10j . 



Lemma 3.6. Let a he satisfy the ball condition !13.9\) . Then there is a positive 
constant C = C{n,p,C{a)) > 0, so that for all x G M" and y S B{x,t), t > 0, it 
follows: 



(3.11) 



'y{Bix,r)) 

fpTl—p 



/ a{B{y,r)) 



dr 
r 



<C. 



Our second result using the ball estimate is a weighted exponential integrability 
result from the |HJllj . The class of weights is the so-called weak A^o class, which 
we define now: 

Definition 3.7. A nonnegative function w is a weak A^o weight, if there are con- 
stants Cw > and 6* > so that, for all balls B, and measurable subsets E C B: 



(3.12) 



Theorem 3.8. jHJll] Let to he a weak Aoo weight, and suppose a is a measure 
such that i f,?.ff|) holds. Then for any Q < q < cx), there exist finite positive constants 



C, c > depending on n,p, C{a), q; along with the constants 9 and C'^j from h3.12\) . 
so that: 



(3.13) 



1 



exp 



2B 



a{B{x,s) r\B)Yds 



duj< C, 



\2B[ 
for all halls B C R". 

3.4. Dyadic Carleson embedding tiieorem. In this section we briefly discuss 
the dyadic Carleson measure theorem, which we employ several times. First, recall 
that a cube Q in R" is a dyadic cuhe (wc will write Q £ Q), ii Q can be written 
Q ~ [2'^TO, 2'^+^™)" for some k,m G !Z. We denote by £{Q) the sidelength of 
the cube Q. The reader should note that if P and Q are two dyadic cubes with 
non-empty intersection, then either Q C P, or P C Q. 

It is known, see JJVIO] Lemma 4.7, that condition (|2.4p is equivalent to the 
existence of a constant C > 0, so that a satisfies the following discrete Carleson 
measure condition: 

(3.14) ^ CQ |Q|P' < C |P|, for all PeQ. 

QCP 

Here, and throughout this paper, the sequence cq is defined: 

(3.15) CQ^£{Q)i^. 

Furthermore, there exists a constant A ~ A{n,p) > such that: C/A < C{a) < 
AC, with C{a) as in (|2.4p . The dyadic Carleson embedding theorem (see, e.g., 
|NTV991[COV04) V is then: 

Theorem 3.9. Suppose that a satisfies (STJ^ with constant C > 0. Then, for any 
s> I, 

1 



(3.16) 



QeQ 



\Ql 



fda 



<C 



s- 1 



I/I 



L'{dcr)^ 
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for every f G L^{da). 

3.5. Dyadic shifting lemma. Here we describe a tool to transfer results for dyadic 
potential operators to their continuous analogues. This technique goes back to the 
seminal papers |FS7H[GJ82| . Define Qt to be the shifted dyadic lattice by i <E R", 
i.e. Qt = {Q + t : Q&Q}. 

Lemma 3.10. Let (j), and ^j be two functions mapping measurable sets into non- 
negative measurable functions, so that whenever A <Z B are two measurable sets, 
and X e R", it follows that (j){A){x) < cj){B){x), and il){A){x) < ip{B){x). 

Then, there exists jo = jo{n) G IN, and C = C{n,p) > 0, such that for all k e Z, 
and X G R" ; 

'" ' HB{x,r)){x)) f y/iP-Ddr 
— ^ / ^PiB{x,r))iz)du;{z)] — 

l(Qt)<2''+^o 

This lemma has the same proof as the standard dyadic shift argument, for in- 
stance see |COV00j . p. 399. We will use this result with ip and (j) certain exponential 
weights, which will clearly satisfy the hypothesis of the Lemma. 

4. A NONLINEAR INTEGRAL OBSTACLE PROBLEM 

In this section we will construct solutions to certain nonlinear integral inequal- 
ities. It is the principal analytic argument in our existence theorems with corre- 
sponding upper bounds. 

Let (7 be a nonnegative measure satisfying: 

(4.1) a{E) < C{a)capp{E), for all compact sets E C R". 

where the capacity cap (_E) is defined as in (|2.5p . Here the constant C(cr) is reserved 
to be the least constant so that (|4.ip holds. 

Consider the nonlinear integral operator T, acting on nonnegative functions 
f>0, f& Ll-'^\W\ da) by: 

(4.2) r(/)(x)=Wi,,(r-ida)(x)= / (^— / fP-\z)da{z)) -. 

Jo ^^ '^ JB{x,r) ' r 

This section is devoted to the following problem: for a finite positive measure lo, 
find a positive function v so that v £ L^^~ (dcr) so that: 

f vix) > Wi^p{uj){x) and, 

I there exists C > so that T{v) < C{v - Wi,p(w)). 



Solutions of (|4.3p are solutions of a nonlinear obstacle problem for the integral oper- 
ator 7", with obstacle Wi_p(w). Given a solution of (|4.3p . a simple weak continuity 
argument shows the existence of solutions to (jl.ip , as we will show in Section [6l 

We will present a solution of (|4.3|) under the assumption that C{a) is small 
enough. The function v, as well as the argument to prove (j4.3|) . will differ in the 
cases 1 < p < 2, and p > 2. Consider the function v, defined by: 

(4.4) v{x)^ ( — / e^v«<-)Wdc.(z)' 



^ r ^ JB{x,r) 
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here: 

'cr(B(y,r/2J)nS(a;,r))\i/(p-i) . 



(4.5) VB(^,^)(y)=< 



J — — oo ^ ' ' 

^^ (r2^Y-P 



Using p.9p . the following inequalities hold: 

(4.6) v.(.,.,(,) < ( !rp^"^^7\t!^?M 1 < "< ; 

As a result of (|4.6p , v is less than a constant multiple of the right hand side of the 
bounds (|2.13p and (|2.14p . for a suitably chosen constant c > 0. Our primary result 
is the following: 

Theorem 4.1. Suppose that there exists jS > so that v is finite almost everywhere. 
Then there is a constant Co ~ C(){n,p) > 0, such that if /3C{a) < Cq, then v is a 
solution of (CTM). 

We will show in Section l¥^ below that w < oo almost everywhere for some (3 > 
if and only if it is finite at a single point. 

The particular (and slightly cumbersome) structure of V in (j4.5p is in order 
to obtain a clean iteration argument. One should keep in mind in what follows 
that the exponent /3 in the exponential weights appearing in (|4.4p have to remain 
constant in the iteration. 



Proof of Theorem \4.1\ To begin the proof, write: 



where: 



(4.7) 



and 



(4.8) 



r-oo /e/3Wi,p(xi5(^,e)dff)(y) 

laut = 



n^i {/ ( 

Jo ^^ ' JB(x,r) ^ Jr ^ 



1 . \ c^—p 

{x,r) ^ Jr ^ -^ 

Ms(y,s)j — I da{y)j — , 



-'in — 



^^ JB{x,r) ^ Jo ^ ^ 



l/(p-l)dsTP-l . , Nl/(P-I)ds 



■l^B(y,s)) — I da{y)j 



here: 

(4.9) /iB(,.,s) = / e^^«(='-)(^)dc.(z). 

JB{y,s) 

To prove Theorem 14. 11 it clearly suffices to prove that there exists Co > such that 
if /3C(cr) < Co then it follows: 

(4.10) /out <v- Wi,p(w) and, 

(4.11) /in<W-Wi,p(w). 
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We will first prove the inequality ()4.10|) . This inequality is responsible for the build- 
up of the tails of the potentials, it is relatively simple and the proof is valid for all 
I < p < n. The difficulty thus lies in inequality (|4.11[) . By inspection, (|4.1ip will 
immediately follow from the inequality: 

(4.12) UJJA —^ ^^^-V tI ^^(^) 

< fJ-B(x,Ar) - uj{B{x, Ar)), 

for a constant A > depending on n and p (in our arguments A will be at most 
4). Here fJ.B{x,r) is as in (|4.9p . 

In particular, once (|4.10p is proved, the problem of finding a solution of (|4.3p is 
reduced to a local integral estimate. We will prove that (|4.10p and (|4.1ip in the 
following series of lemmas. D 

Lemma 4.2. There exists Cq = Co{n,p) > 0, so that if C{a) < Cq, then J^.JOI ) 
holds 

Proof. For y 6 B{x, r) with s > r, it is clear that B{x, 2s) D B{y, s). Therefore: 
'/ 1 f r /"^ /e/3Wi,p(xB(x.2s)dff)(y) 

\i/(p-i)dsTP-i , , , 
■tJ'B{x,2s)) — I da{y) 

Let us re- write this as: 

with /// = III{x, r) defined by: 

To estimate ///. note that for any y G B{x, r), an application of Lemma l3.6l viclds: 

cxp{/3Wi,p{xB(x,2s)da){y))< C cxp{/3Wi^p{xB(x,2r)d(j)(y)) 

(4.13) / l"^ / a{B{x, t) n B{x, 2s)) \ i/(p-i) dt\ 



Substituting display (j4.13p into /// and integrating through, we estimate: 
III < 



l^B(x,2s) (^ f°° fa{B{x,t) n B{x,2s))\^/iP~i) dt-' 
expl " I ' ' 



/ /■a[ti[x,t) ni:>[x,2s))\'-/^P~'-)at\ 

gn-p ''•'Vj^ { f^-P I t) 

J S ^JB(x,2r) ' 

Next, by the exponential integrability lemma fLemma l3.5p . we assert that there is 
a constant Co such that if fiC{a) < Cq, then: 



III< 

(4.15) 



iJiB(x,2s) ^„ / r ^ <y{B{x, t) n B{x, 2s)) \ i/(p-i) dt\ 

'"'-'' '^■a{Bix,2r))^'(^-^\ 
s 
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Substituting the estimate (|4.15p for /// into the definition of /out, we find that: 



< 



(4.16) 





• exp 



a(B(x,2r))xi/(p-i) f°°/lJBix..2s) 



(^ 



j,n~p J I \ ci'^~P 

<7{B{x, t) n B{x, 2s)) ^ i/(p-i) dt-^^ i/(p-i) ds dr 

T 



t"-P / t / / s r 

Applying Fubini's theorem yields: 

'^^B(xas) \ i/(P-i) r [' (a{B{x, 2r)) \ i/(p-i) 



/o„t < 



(4.17) 



gn-p 



■ exp 



(/3/(.-i)r( 



a{B{x, t) n B{x, 2s)) \ i/(p-i) dt\ ds 



fn-p 



dr 
r 



On the other hand, employing (|4.ip in the form of 
(4.18) expf/?/(p-l) 



it follows: 



note here the constant is independent of r. Changing variables, and applying (|4.18p 
in dUni), it follows: 



/o„t < 



^°°/ MB(..s) y/(P-i) r/ a(g(x,r)) y/(p-i) 



An elementary integration by parts argument now yields: 

exp(/?/(p-l) 
^1 ,^/^^ _,^ , i'a{B{x,t)\yiP''^)dt- 







^<fe»)""-'»p(,/,p-i)r(£<|M)""-f)i 



H(^/<-')/.(^^^)" f)-}- 



In conclusion: 



-l|^. 
J s 



D 



a{B{x, t) n ^(x, s)) \ i/(p-i) di 
t"-P / T 

Since fJ.B{x,r) > ^(^(a^,'')), the inequality (|4.10p follows. 

4.1. The proof of (|4.12p . It now follows from the discussion after display (|4.1ip . 
that Theorem UTT] will be proved once we show that we can choose Cq > depending 
on n and p, such that if l3C{a) < Cq, then (|4.12p holds for aU baUs B{x,r). We 
first prove (|4.12p when 1 < p < 2, indeed: 

Lemma 4.3. Let 1 < p <2. There exists Cq — Co{n,p) > such that if (30 (a) < 
Cq, with C{(7) as in ^J^! then there is a constant C — C(n,p) > such that for 
all B(x, r): 



(4.19) 



B{x,r) ^JO 



o/3Wi,p(xB(x..)(y))/'^ 



V^n-p 



eP^B(y.t))(==) 



duj{z) 



B{y.t) 



1/(P-1) 



I d<j{y) <C I 1 e 



,/9Vf 



(..2r)(z) _iUa;(z) 
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Proof. Without loss of generality, let w = and cr = on Il"'\B{x, 2r). Then, note 
that by definition: 



(4.20) VB(:c.2r){z) = Y. 



a{B{z,2r/2i)) 



We will display the local potential in ()4.19p as a sum and then use a sequence space 
imbedding. Indeed, the left hand side of (j4.19p is less than a constant multiple of: 



(4.21) ^-(-^)\^o 2. 



1/(P-1)~1P-1 



e 

'B(y,r/2J) 

Since 1 < p < 2, it follows that || • H^i < || • H^p-i. Hence the previous display is less 
than: 

oo 



(4.22) ^"'-■>^-" ^, '' 



'B(./,r/2J) 

By Fubini's theorem, and since B{z,2r/2'^) D B{y,r/2^) for z G B{y,r/2^), the 
display (|4.22p is less than: 

« oo „ 

/ y^^Ly-^ e^w^-(^-(.-/-y-)fe)da(2/)e^^«(--/-)(^)dc.(2). 

By the exponential intcgrability lemma (Lemma 13. 5p . there exists Co > such that 
if PC{(j) < Co, this last line is less than a constant multiple of: 

^ oo 

(4.23) / ^(;^)^-"|i?(.,r/2^-i)|^e^^«(^^-/.^.Wd.;(z). 

JB{x,2r}j^^ ^■' 

In order to apply Lemma [3.51 to obtain (j4.23p . we observe: 

JB(z,r/2i) JB(2,r/2J-i) 

from which a direct application of the exponential intcgrability lemma yields (j4.23p . 
The proof will be completed by summation by parts. Indeed, the display (|4.23p 
is equal to: 

JBix.2r}fr'o^'' ' '" V ^ (2r/2'=)"-P y ^ ^ 

Recall the following elementary summation by parts result (sec e.g. |FV09| ): Sup- 
pose that {Xj}j is a nonnegativc sequence such that < A^ < 1. Then: 

oo 

(4.25) Y^ Aje^^=j ^^ < 2 (e^T=o ^^ - l) . 

3=0 

Note that (|4.25p can be applied in ()4.24p provided Co < 1, and hence the lemma 
follows by recalling the definition of 'VB{x,2r) from (|4.20p . D 
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We shall now move onto p > 2, which requires a more involved argument based 
on Theorem 13.91 Recall the definition of the local potential ^B{x.r) from (|4.5|) . 

Lemma 4.4. LeA 2 < p < n. There exists Cq = Co{n,p), such that if 13 C [a) < Cq, 
then there is a constant C = C{n,p) > and: 

(4.26) 

B{x,2'') ^JO ^t" P JB{y,t) ' ^ 

<C [ /'e'^v^(=^.2'=+i)(^) - l)du{z), for all B{x,2''), keZ. 

Jb{x,2^ + ^)^ ' 

Proof. Without loss of generality, suppose cr = and w = on R"\_B(a;, 2'°+^). By 
the dyadic shifting lemma (Lemma 13. lOp : if ^ > fc + fco, with fco > depending on 
n, the left hand side of (|4.26p is less than a constant multiple of: 

H{x.2^)^2 Ji3(0,2*)^gQ^Q^gg^ 

(4.27) «(Q0<2^+™ 

J^^QMduj{z)\ dt\ da{y) 

here cq is as in p.isp . and jo depends only on n. 

Since p > 2, it follows from Jensen's inequality that (|4.27|) is less than: 



e^ 






, e'3Wi,p(xQtd<T)(y) 



CQ< 

M0,2n^JBix,2'')-y^Q^Q^^Q^ 

(4.28) £(Qt)<2^+^o 

.(/ e^^^^i^-^du:{z)y''-y-']da{y)dt 

It suffices to be able to estimate the inner integral in (|4.28p (the expression in square 
brackets), for a fixed t, with constant independent on t. We will therefore assume 
t = 0. As a result, it suffices to prove the estimate: 

/ [ y CQe^^^-('^«'^-)('^)(/e^^«(^)dc.(z))'^*''"'^di 

JBix,2'')^ ^ Vq / 

(4.29) e{Q)<2''+'o 

^~^da{y) <C [ /'e'3VB(x,2'=+i)(^) _ l\duj{z). 

J Jb{x,2'' + ^)^ ' 

We first claim that the left hand side of ()4.29p is less than or equal a constant 
multiple of: 

(4.30) /= Y. CQlQl'J^^^'U e^^^^^^d^iz). 

QeQ ■'Q 

e{Q)<2''+^o 

Here we will use the Carlcson measure theorem. First, let Ag = /„ e'^^Q'^'(ia;(z), 
then ()4.29p is equal to: 

/ I y. CQe''w^-(x«''-)(^)Aj/(''-^^dt|'"'da(2/), 
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Let q = {p—iy = {p— l)/(p — 2). Applying duality in LP^^{da), the left hand side 
of (|?!29l) is equal to: 



/JWi,p(xQ<i<T)(y) . . ^^l/(p-l)^^ ^ 



(4.31) sup _ ( Y. ^Q I l3(y)|e^'^^-^^«'"^^''^rf'T(y)A 

Fix such a admissible 5 > 0, then it follows Holder's inequality that the quantity 
in the suprcnium appearing in display (|4.3ip is less than: 

f(Q)<2'=+J0 

with / as in (|4.30p . To prove the claim, it therefore remains to prove that: 






Q<£Q ''^"^ ■''^ 

(4.32) i{Q)<2''+^o 



p-i 

p-2 



< I \g\^-d(j, for any g G L^p-^^/^p-^j^^^)^ 



To this end, let e > such that (p — 2) (1 + e) <p—\. and apply Holder's inequality 
in the following way: 



(4.33) 



) 



(p-i)» 



Now, note that, if ii^/3C(<T) < Cq, wc may apply Lemma 13.51 to estimate: 



(kT /'*""'"'""""<'''') 



(P-I)e 
(p-2)(l + 5) 

The left hand side of (|4.32p is therefore less than a constant multiple of: 

e{Q)<2'°+^o 

Since / _^)(i,^) > 1, applying the Carleson measure theorem (Theorem 13. 9^ . with 
s = (p-2Vi+e) ' ^* follows that conclude that (|4.32p holds. Hence the claim is proved. 
When specialised to a cube Q, the condition (|4.ip is (t{Q) < C{a)i{QY~P (this 
follows analogously to the condition p.9p ). It follows for z S Q with i{Q) < 2'°"''^", 
that there is a constant C = C{n,p, C{(j)) > 0, so that: 
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Recall cr = on R"\{0}. After applying Fubini's Theorem in (|4.30p . we deduce 
from the previous display that (|4.30p is less than a constant multiple of: 



/ V CQ\QnB{x,2 

(4.34) 



fc+i^|i/(p-i) 



j = -oo 



By the summation by parts result (j4.25p . valid under assumption that /3C(cr) < 1, 
it follows that the integrand in (|4.34p is less than a constant multiple of: 

Indeed, each cube Q so that f.[ff) = 2-', with z G Q, is contained in a ball B{z^ 2-^+-'i ), 
where j'l is a dimensional constant. Thus, the integrand in (|4.34p is less than a 
constant multiple of: 

. _,'^+i^-''7|B(z,2^)nS(a;,2'^-+i)| ^l/(p-l) 
2 p^i \ I '^ 



'a(B{z, V) n Bix, 2'=+M) \ i/(p-i) 
• exp '"■>■' > 



>(/^ E (- 



2J(n-p) 

from which we may apply (|4.25p to conclude (|4.35p . Here we have used the definition 
of CQ from (|3.15p . 

Recalling the definition of V^i-^. 2fe+i), we have asserted that there exists a con- 
stant C = C{n,p,C{a)) > such that (|4.29p holds. This concludes the proof of 
the lemma, and with it Theorem l4.1l D 



4.2. On the finiteness of (|4.4p . In this subsection we discuss the finiteness of the 
construction (j4.4p . Recall the definition of V from (|4.5p . In particular, we prove 
that: 

Lemma 4.5. Suppose that, for some xq € R" and R > 0; 

/•oo /3W[ (<icr){a:o) f \i/ip-l)f]r 

(4.36) / / e^v.,,.,,^(,) )^ ^ c,^^^ < ^. 

There exists a constant C = C{n,p) > so that if C{a) < C , then the function v 
defined in ^■4\l is finite almost everywhere. 



This lemma proves the assertion made in Remark [ 
Proof. It suffices to prove that, one can choose C(cr) > so that: 

B{xo,R) 
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To this end, first note that: 
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( —^ / e^^-<-'->d^(z) -dx 

B(xo,B)JB^ ^ r"- P JB{x,r) ' T 



< 



^ , pl3^l,^{d<y){xo) 



B{xo,R) JR ^ " JB{xa,2r) 



eP^B{:.oa^)duj{z) 



i/(p-i)dr 



■ exp 



(^f^[wiJda){x)-W[^^{da)(x,] 



dx. 



Let us now fix a; G B(xq,R). Then for any r > _R, an application of Lemma 
yields: 



(4.37) 



\W[Jda)ix)^Wlpida){xo)\ 

< C{n, (3, C{a)) + [w^a)ixo) + W^^(a)(x)' 

With (|4.36p in mind, we therefore estimate: 



^ ,gP'^l,pida)ix) 
B{xo,R) JR ^ ^ JB(x,r) 



eP"^B(.,r)duj{z)) —dx 



< Ctaii / exp[/3Wfp(da)(a;)]dx < Ctaii, 

Jb{xo,H) 

in the last line, we have applied the exponential intcgrability result Theorem 13.8 
(which is valid provided Cia) < C{n,p) for some positive constant C > 0). 

To handle the remaining part of the integral of v, let us first suppose p > 2. It 
remains to show that: 



(4.38) 



R l3WUda){x) 



Y.n—p 
B(xo,R) Jo ^ r f JB{x,r) 



^P^i 



^duj{z] 



^/(p-^)dr 



-dx < Ctail- 



First, by Fubini's theorem and Holder's inequality, the left hand side of display 
(|4.38p is less than a constant multiple (depending on R) of: 



(4.39) 



1 



Vr" P JB(xa,R) JB(x,r) 



1/(P-1) dr 



Let us now examine the integrand in (|4.39p . Applying Fubini's theorem, we esti- 
mate: 



(4.40) 



B{xo,R) J B(x,r) 

Jb(xo,2R) JB{z,r) 



On the other hand, on account of Theorem 



B{z,r) JB{z,ir) '^ 
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Applying these two observations into (|4.39p . we deduce that the left hand side of 
()4.38|) is less than a constant multiple (depending on R, /?, n, p and C{a)) of: 

^r^' ^ JB{xa,2B:) ' ^ 

^Jb{xo.2R) ' 

This last display is finite as a result of (|4.36p . as required. 

The case when 1 < p < 2 is similar so we will brief. We instead consider: 

( — / e'^^«<-''-)dw(z) —\ dx. 

B(xa,B.) '^J R ^ ^" ^ JB{x,r) ' '^ -' 

Since 1 < p < 2, the previous display is less than: 

/ / / e/^^'^-'^dLo{z)-dx. 

Jb{xo,R) Jr ^" ^ JB{x,r) ^ 

From this point, we use Fubini and Theorem 13.81 as in the case p > 2 to deduce 
that display (|4.4ip is finite. From these estimates the lemma follows. D 

5. Lower bounds: the proofs of (fTTT^ . (HHD, (PTTI) and dHHD. 

In this section we derive lower bounds for solutions of (|l.ip . For a ball B{xq , bR) C 
f2, will be concerned with positive solutions u of: 

(5.1) — ApU = avF^ + a; in B{xq, 5R), in the p-superharmonic sense. 
In particular we will prove the following proposition: 

Proposition 5.1. Let Q be an open set. Suppose B{xq, 5i?) C il, and suppose that 
u is a positive solution of h5.1\) . Then there is a constant c = c(n,p) > 0, such that: 
(i) if I < p < 2, then 

(•R , cW\ (a)(xo) r \l/{v-l)rlr 

(5.2) .(.o) > c / ;., / e-^.(^)(^)d.(z) ^^, 

Jo ^ 7^ ^ JB{x„,r) ' r 

(a) if 2 < p < n, then 

(5.3) u{x,) > c / r „ / e^i^..(-)(^)d..(z)) '^. 

Note that the lower bounds for solutions of (|l.ip appearing in Theorems II. 1[ 
12.11 along with Theorem 12. 3[ follow from this proposition. We begin with a some 
observations regarding the localisation of integral operators: 

5.1. Localisation of operators. Let us fix a;o G il, and let i? > be such that 
B{xo, 5R) C Q. Suppose that m is a positive solution of: 

(5.4) — ApU > (Tu^~ in B{xq,5R), in the p-superharmonic sense. 

Then by the potential estimate, Theorem 13.31 it follows that for all x e B{xo,R): 

r^^ / ^ r \i/ip-i)dr 

(5.5) uix)>C [^^i u^-\z)da{z)) -. 

Jo ^r 1^ JB{x,r) ' ^ 
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(5.6) u{x) > C r(^ f uP-\z)daiz)) 



First, let us restrict the integration a to B{xo,R), then clearly: 

r2R , T r . 1/(P-1) dr 

/O ^r''-f jB(x,r)nB(xoM) ' ^ r 

Now, still under the assumption that x £ B{xq,R), we note that if r > 2R, then 
B{x, r) n B{xo, R) = B{xq, R). Hence we may extend the integration in (|5.6p . i.e.: 

u{x) > C ri^— I uP-\z)da{z)y^^'"'^-. 

Note here the constant C has changed, but is still a positive constant depending 
on n and p. Let us now define a by: 

(5.7) da = XB(xo,R)d(y, 

and a nonlinear integral operator M by: 

f /■ ,, . ,_ Ai/(P-I)dr 

r 



(5.8) MU){x)^N,U){:x)= (^— / F-i(z)da(y)) 

JO ^'^ JB(x,r) ' 



The iterates of A/" are denoted by A/'J(/) = M{M^-^{!)). 

Using the definition of (|5.7p . it follows that, for all x e B{xq,R): 

(5.9) m(x) > C7V(m)(x). 

Now, suppose that u is a positive solution of (j5.ip . By the interior potential 
estimate. Theorem 13.31 it again follows there exists a constant C = C{n,p) > so 
that that for all x G B{xq,R): 

(5.10) u(a;) > CM{u){x) + CWi^x), 

where: 

(5.11) duj = XB(xoM)duj. 

Mimicking the discussion in Section 5.1 of |JV10j . we iterate (|5.10l) to obtain: 



Lemma 5.2. Suppose u is a positive solution of i5.1\) . Let xq £ fl so that 
B(xo,5R) C n. Then, with J\f and Cj as in 1,5. <$|) and h5.ll]) repectively, there 
is a constant C = C{n,p) > so that: 
a). Ifl<p< 2: 

(5.12) u{x) > C^CW^(Wi,pw)(x), for all x G B{xo,R). 

3=0 

h). If 2 < p < n, then for any q > 1, 

OO 

(5.13) u{x) > C(g)^/'?i^)CW^(Wi,pw)(a;), for all x € B{xo,R), 

3=0 

where C{q) = C{q,n,p) > 0. 



Proposition 15.11 will follow from careful estimation of the sums in Lemma 15.21 
In order to estimate the sums, we use the array of tools described in Section [ 
First we note the localized measure a satisfies the strong capacity condition 
indeed: 
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Lemma 5.3. Under the assumption that u is a solution of |5.^[ ), the measure a 
satisfies the strong capacity condition (2^. More precisely, there is a constant 
C = C{n,p) > so that: 

cr[E) < C cap [E) for all compact sets E C R". 

Proof. Let Ehc a. compact set. From Lemma 4.3 of [JVlOj (see (|2.2p above), since 
u is a solution of (j5.4|) . we have the fohowing estimate: 



a{E) = a{E n B{xo,R)) < cappiE n B{xq, R),B{xo, 5R)). 

However, by the separation of £' fl B{xo, R) and B{xo, 5R), and since 1 < p < n, 
we have that (as a consequence of the Sobolev inequahty): 

ca.pp{Er]B{xo,R),B{xo,5R)) < c{n,p)ca.pp{E D B{xo.R)). 

The lemma follows. D 

From Lemma 15.31 it follows that ct is a Carleson measure, which we state as a 
lemma. 

Lemma 5.4. Suppose that u is a positive solution of the inequality u > J\f{u), 
with J\f as in fi5.8\] . Then the measure a, defined in ( [<5.7[ ), is a discrete Carleson 
measure, that is there is a positive constant C = C{n,p) such that for each dyadic 
cube P £ Q and every compact set E C R", 

(5.14) ^CQ|gni?|?'<c|Pni?I^. 

QCP 

QeQ 
Here cq is the sequence defined in \3.15]] . 



Proof. From Lemma [5.31 it follows that a satisfies p.4p . Therefore, as described 
before display (|3.14|) . it follows that ()5.14p holds. D 

A useful corollary of Lemma 15.41 together with Lemma IB. II from Appendix [B] 
is the following. 

Corollary 5.5. Let 1 < p < 2, and let {AglggQ he any nonnegative sequence 
indexed over the dyadic cubes. Suppose that a satisfies \5.14^ , then there is a 
constant C = C{n,p) such that: 



(5.15) /{ Y: C'Q>^]i''-''Y"d~a{x)>CY.c^\Q\y^^~'^ 



Ac 

3CP ' QCP 



for each dyadic cube P £ Q. 

Proof. This corollary follows from Lemma fB. II in Appendix IB] Letting s ^ l/{p—l) 

2-p 

and relabelling, the lemma boils down to the observation that that /xq = Cq"^|Q||"^ 
is admissible for ()B.2[) in Lemma fB. II But this is precisely the statement ()5.14p . D 

Having completed our discussion on localisation, we turn to proving Proposition 
15.11 First up is a lemma regarding the estimation of the 'tails' of sums appearing 
in Lemma [5.21 
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5.2. A tail estimate for 1 < p < n. The following Lemma can be proved by 
mimicking the proof of Lemma 5.4 in [JVlOj . 

Lemma 5.6. Let 1 < p < n. There is a constant c ~ c{n^p) > so that for each 
m > 1, and every x £ B{xo,R): 

^ ' ' '■'■ 'Cb{B{x,s/2))\i/iP-i)dsdr 



/Q \ s" P / s r 

5.3. The proof of Proposition 15.11 in case p > 2. Let us begin with the case 
when p > 2, and we introduce an auxiliary function B*((t), defined by: 

(5.17) B\a)iz) = f2{l-Y-''\Biz,t/2% 

3=0 

Lemma 5.7. Let p > 2, then there is a constant C = C{n,p) > such that for all 
77T, G IN U {0}, and any x G B{xo, R) and r > 0; 



(5 18) JB{x.2r)^JQ ^t '■ JB{y,t 



^^ {B\a))"\z)dCj{z)) } da{y) 



^ / /-r-^r- / ~ \ \ Tn+1 , 



- l^TTl / (B'-(^))™"^(^)d^(^), 

here B*(ct) is as m ( [5.i7| ). 

Proof. First note that the left hand side of (|5.18p is greater than a constant multiple 
of: 



(5.19) 



where: 



t. (^((^l-'w,.)""-"}'"-'"). 



Ab(,.^)=/ (B*(a))"(z)d^(z). 

"'s(y.^)nB(x,r) 

Since p — 1 > 1 , it follows that display (|5.19p is greater than: 

/ T.&'l {B^{a)y\z)dG.{z)da{y). 

JB{x,2r)j^Q ^^ J B{y,^)nB(x,r) 

By Fubini's theorem, the previous display is in turn equal to: 

(5.20) / J2(^Y-a{{y e B{x,2r) : y G i3(z, ;^)})(B^(a))'"(z)d^(z). 

But, for z E B{x,r) and i < r, it follows that B{z,t) C B{x,2r). Applying this 
observation in (|5.20p yields: 

^ CJO 

(5.21) / ^(;^)^^"a(B(z,^))(B^(a))"(z)d^(z). 
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Let US now recall the following elementary summation by parts inequality. Let 
{Xj}j be a nonnegative sequence, and let m > 1, then: 



_. oo oo oo 



m 

i=o j=o j=k 



7n~l 



Applying (|5.22p in (|5.2ip the lemma follows. D 



To complete the proof of Proposition 15 . II when p > 2, recall the formal Neumann 
series expansions in Lemma 15.21 Applying Lemma 15.61 into Lemma 15.21 results in a 
constant c > such that: 
(5.23) 

On the other hand, from Lemma 15.71 it follows that there exists a constant C = 
C{n,p) > with: 

AA™(Wi,p(c^)(xo) > C™ / (^— / {B^{a)z)y-dCj{z)) -, 

JO ^^ JB(xo.r) ' '^ 

hence Lemma [5.21 yields a constant c > such that: 

Averaging (|5.23p and (|5.24p with the inequality of arithmetic and geometric means, 
we assert that there is a positive constant c > such that: 

*■ 'a(B(a;o,t/2))\i/(p-i)(i^ 






(5-25) , __ ^i/(P-i)dr 



'b{xo,t) ' r 

But, using p.9p . it is easy to see that, for any z G B{xo, R): 

B^{a){z)>i;{da){z)-l. 
Hence ()5.3p follows from (|5.25p and recalling the definition of a. 

5.4. The proof of Proposition 15.11 when 1 < p < 2. We now move onto the 
case when 1 < p < 2. Let jo be as in Lemma [3.101 then we have the following 
lemma: 

Lemma 5.8. Let 1 < p < 2, then there is a constant C — C{n,p) > such that 
for all m £ IN U {0}, and x E B{xo,R): 



/«„,r(?^/«„,(s^«i<^""<- 



ii/(p-i) 



(^) 



.i/(p-i)ds-iP-i 
s 



(5.26) .<E,(,))"'>-"f^}'-*J(,) 



QeQ 
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Proof. First note that, for any ball B{y,2^), there is a dyadic cube Q such that 
y e Q, g C B(y, 2^), and £(Q) = 2^-^°. Thus, the left hand side of ([5:26| is greater 
than a constant multiple, depending on n, p and jo, of: 

(5.27) 

PeQ QCP 

By appealing to duality, in the form of Corollary I5.5[ we see that (|5.27p is greater 
than a constant multiple of: 

Pes JPr'Bix.r)^ ^^Q ' 

QCP 

An application of Fubini's theorem, followed by the summation by parts inequality 
(|5.22p proves the lemma. D 



Let us now complete the proof of Proposition 15.11 Note that Lemmas 15.61 and 
combine with Lemma 15.21 as in Section 15. 3[ to show that there is a positive 
constant c > 0, with: 

(5.28) 

r''/CT(B(2;o,i/2))\i/(p-i)dtw 1 



„(.„, , . „,(„ (£lil^^) 



^ JO ^ - " ^ tJ\r^^-P 



f exp(c ^ CQ |g n B{xo, r)|y(''-^' )dLD(z) 



mP~i)\,,~,r.^V^'^''~'^dT 



I B(xo,r) ^g 



It remains to use a shifting argument to recover (|5.2p . The bound (|5.28p continues 
to hold if we shift the dyadic lattice for any t e R". Averaging over all shifts 
t e 5(0,2'^'+^"): it follows: 



1-2" . i-r ~ I 



• / exp(c V CQjQtnB(x-o,r)|^/(P-i')rfcD(z) 



QtdQt 

By Jensen's inequality, the right hand side of the previous display is greater than: 
(5-29) /■ .,i/f„-n .A .-, .\i/(P-i)rfr 

zGQt 
QtSQ 



cxplc/ ( ^:^^ ) —W-^:^. I exp(c;^_^ 

1) 



■/ E CQjQtnS(a:o,r)|V(P-i)d<)d(:D(. 
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Next, using Lemma [3. 101 in (|5.29p . it follows that there exists a constant c = c{n,p) 
so that: 

a{B{xo,t/2))\^/ip-^)dt\/ 1 



<'»-^CM^[i'm^r"-"^){ 



, K # '- f- / / / V rfl — p , 

(5.30) - . ''"'■^ 

But now note that for any z £ B{xq, R), and any k > log2 i? + 1, one can estimate: 
'" a{B{z,r)) dr ^ f°° d{B{z,r)) dr 



Thus, letting fc — > oo, we obtain the required bound (|5.2|) . This completes the proof 
of Proposition 15. II 

6. Existence of solutions to (jl.ip 

In this section, wc conclude the proofs of our main results. We will consider the 
case when fi is a bounded domain, i.e. Theorem 12.41 The case Q, = R" (Theorems 
Il.ll and l2.ip is similar, using the weak continuity of the p-Laplacian operator from 
[TW02b| . Indeed, see |JV10| . Section 7 for the argument in the case u — S^o- 
There is no problem in generalizing the argument found there to the more general 
measure, and so wc will omit the details here. 

Proof of Theorem \2.4\ Let oj be a finite nonnegative measure in f2, and suppose 
that, for some c > 0, the right hand side of cither (j2.13p or (|2.14p is finite for some 
X ^ n. By Lemma l4?5l we have that the function v defined in (|4.4|) is finite almost 
everywhere with j3 = c. We wish to apply Theorem 14.11 to assert the existence of 
a positive constant Co = Co{n,p, /3) > such that if C{(j) < Cq, then there exists 
V (finite almost everywhere), satisfying: 

(6.1) v{x) > KWi^p{vP-^da){x) + A'Wi,p(dw)(x) 

2-p ^ _ rTr-m 

here K ~ max(l, 2?-! )Ci, with Ci as in Theorem 13.31 To this end, note from 
Theorem 14.11 that there exists such a constant Co > so that provided C{a) < Co 
there exists C2 > so that: 

Wi^pivP-^da)ix) + C2Wi^piduj){x) < C2v{x). 

C 

Letting Co = , we arrive at ()6.ip . 

We are now in a position to begin the iterative argument. Let us first define uq 
to be a renormalized solution of: 

{— Ap7io = uj in n, 
Uq ^ on dfl. 

Then, note that by Theorem 13.31 and (|6.ip . it follows that that uq <v. 
We now inductively produce a sequence {uj}j>i such that: 

• Uj eLP-^{fl,da), 

• Uj > Uj-i for all j > 1, 

• Uj < V for all J > 1, and 
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• each Uj is a renormalized solution of: 

i -ApUj ^ auY_\ + w in 17, 
I Uj = on 9i7. 

To see this, suppose Mi, . . . , Uj„i have been constructed. Then, let Uj be a solution 
of (j6.2p . such that Mj > Wj-i- The existence of such a function Uj is ensured by 
Lemma 6.9 of jPV08| . By Theorem [Xl and dUI]), it follows that: 

u,{x) < KWi^piuPzlda)ix) + KWiJuj)ix) 

(6.3) < KWi^p{vP-^da){x) + KWi^p{uj){x) 

< v{x), 

hence the claim follows. Note that v 6 LP~^(il,da) by construction since £7 is a 
bounded domain. 

Since the sequence {uj}j>o is increasing, there exists a function u such that Uj 
converges to u. We wish to conclude that u is a renormalized solution of (|l.ip . 
This will follow as in the stability result of |DMMOP] once as we have proved 
that: VTk{uj) -^ VTk{u) in LP{Vl), for any fc > 0. Here Tk{u) = min(u, k), is the 
truncation operator. However, since {uj}j form an increasing sequence this is not 
difficult to prove. Indeed, let us fix k > 0, then it is well known jDMMOP] that if 
Vj = Tk{uj), V = Tk{u), then Vj,v e W^'^in), and Vj -^ v weakly in W^'P{n). In 
addition, the truncates are supersolutions, i.e.: 

(6.4) / \\7vjf~^ Vvj • VV^ > 0, whenever ^ S W^J'^(fi) n L°°(f7), and V > 0. 
Jn 

Under these assumptions, it is known that Vj -^ v strongly in W^'^'lfl), see e.g. the 
proof of Theorem 3.75 from |HKM06i . Thus, we conclude as in |DMMOPj that u 
is a renormalized solution of: 

, , J -ApU = au^^^ +Ll! in fi, 

I li = on dfl, 

and u < V. The proof of the existence of solutions, along with the estimates (|2.13p 
and (|2.14p is complete. This completes the proof. D 

7. On THE EQUATIONS (|1.7p AND (|1.14p 

In this section, we make a short study of the equation (|1.7p along with the related 
equation (|1.14p . Here we will also assert the pointwise bound (|1.9p for (|1.8p stated 
in the introduction, which plays an important role in our two weight problem. The 
results here are of interest in their own right, as we indicated in the introduction. 

Our first goal here is to note the equivalence between (|1.8p and (jl.7|) . Indeed, 
suppose u is a solution of (|1.8p . Denoting v — u + 1 it follows: 

(7.1) min(22-P, l)avP-^ < -ApV < ma.x{2^-P, l)avP~'^ in R", 

and clearly infajgRn u{x) ~ 0. Note the same relationship holds in the converse 
direction too. As a result, the bound (|1.9|) for solutions of ()1.8p will follow from 
Proposition 17. II below. Let us in general consider: 

i~ApU^auP~^ inn, 
I li = 1 on dfl. 
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R". Recall the capacity condition ()2.4I 



So that equation ()7.2[) reads as ()1.7p if Q 
and the constant C{(t) along with it. 

Proposition 7.1. (i). Let fl = R". Suppose that a satisfies \2.4\l for all compact 
sets E C R". Then there exists a constant Co = Co{ri,p) > 0, such that ifC{a) < 
Co, then there exists a solution u € ^^^'^(R") of l{7.2\ l along with a constant c > 
such that: 



exp 



(7.3) 



1 

C.IO 



'/cr(B(.T,r))\i/(p-i)dr 
< u{x) < exp 



\ a{B{x,r)) y 

\ j-n-p ) 



'a{B{x,r))\^/ip-^)dr 
r 



(a). Let CI be a bounded domain. Suppose that a satisfies \2.4^ for all compact sets 
E C R". Then there exists a constant Co — Co{n,p) > 0, such that if C{a) < Co, 
then there exists a solution u G W^'^(^) of \7.'^ , along with a constant c > such 
that: 



exp 



(7.4) 



''(^)/2/a(B(a;,r))\i/(p-i)dr 



f (j[tJ{x,r)) \ 

\ j-n-p J 

< u{x) < exp 



2*'""(")/CT(B(.T,r))\i/(p-i)dr 



j.n~p 



Here d{x) is the distance to the boundary on Vl. To prove the lower bounds in 
7.3p and (|7.4p . it will be convenient to go through the equation: 

J - ApU = {p-l)\Vu\^ + a, in fi, 
I u = on 9ri. 



(7.5) 



The connection between (|7.2p and (|7.5p is the content of the following result: 

Proposition 7.2. Let Q be a connected open set. Let /i* be a measure singular with 
respect to capacity, and suppose a is absolutely continuous with respect to capacity. 
Suppose that u G L^^^ (51, da) is a p-superharmonic solution of: 



(7.6) 



—ApU = auP ^ + ^^ in O, 
u > in Q. 



Then v = logu g Wi^^^{Q), and v satisfies |y.5[ ) in the sense of distributions. 

The proof of Proposition 17.21 below makes use of a recent result of Kilcplainen, 
Kuusi and Tuhola-Kujanpaa |KKTllj . This replaces our original argument based 
on techniques of Dal Maso and Malusa |DMM97] . Similar results have recently 
been proved in jAHBVOQj . 



Proof of Proposition \7.S\ Since u is p-superharmonic, from Theorem 3.2 of |KKTll] 
it follows that u is a local renormalized solution. By definition, this means that for 
each (p G C(^{fl) and h e W^'°°{IV) with derivative h' having compact support, we 
have: 



(7.7) 



IVup-^Vi 



■V{h{u)<j))dx = / h{u)(t)uP-^da+ f h{u)(j)dfi'' 
Jn Jn 
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Assume > 0. For fc > 0, let h{u) ^ Tk{uy-P, with Tk{s) = min(fc, s). Then: 
V^dx =(p - 1) / ^-^^x + / (f>—-—-da 



.yg. 7f2 T^fe(")P-i ' Von{«<fc} "'^ Jn Tk{uy-^ 



We now need a few standard properties of p-superharmonic functions. First, since 
^^ is singular with respect to capacity, we have that /i''({u < fc}) = for all fc > 
(see e.g. Lemma 2.9 of |KKT11| ). Therefore: 

Next, recall that (see e.g. Chapter 7 of |HKM06j ) that v = \og{u) € Wj^f (rj). 
Therefore, from Lcbesgue's dominated convergence theorem: 

[ \Vu\P f 

/ (fidx — s- / |Vv|^/ida; as A; — J> cx), 

Jnn{u<k} uP Jq 

and, also: 

From a final application of the monotone convergence on the term involving the 
measure ct, we deduce from letting fc — > oo in (|7.8p that w is a weak solution of 
(Ol). D 



Using Proposition 17.21 we readily conclude the lower bounds in Proposition 17. II 
Indeed, both follow from the following local lemma: 

Lemma 7.3. Let Vt he an open set, and suppose that u is a p-superharmonic solu- 
tion of \7.2^ . Then, there exists a constant c = c{n,p) > 0; 

(7.9) u{x) > e^p[cj { ^Xp J y] ' ^"" "^^ -^ ^ "■ 

Proof. By Proposition 17.21 v — \ogu solves (|7.5p in the weak sense. This clearly 
implies that v solves —ApV > ct in the p-superharmonic sense in D,. Applying 
Theorem 13. 7[ it follows there is a constant c = c{n,p) > so that: 

v{x) > cwff{da){x) for ah x e n. 
Recalling that v = log u, the proposition follows. D 

Turning now to the existence of solutions along with the upper bounds in Propo- 
sition 17. 1[ the primary ingredient is the following lemma. The proof also serves as 
a prototype of the kind of supersolutions developed in Section H] 



(7.10) „(x)^exp[/3r(^i|i^)'^^'''^^]^cxp[/3Wi,,(da)(x)] 



Lemma 7.4. Suppose that a is a nonnegative measure satisfying \2.4-^ , and define: 

'■°° 'CT(S(a;,r))\i/(p-i)dr] 
/o V r^-P ) r 

For any /3 > 0, there exists Cq ~ Co{n,p) > such that if C{a) < Cq, then there 
exists a constant C — C{n,p) > such that: : 

(7.11) Wi^p{vP-^da){x) < C{v{x) - 1). 
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Furthermore, inf^eRn v = 1. 

Proof of Lemma \7.4\ Writing out 'Wi^p{vP~^da){x), and applying Lemma [3.61 we 
derive: 

On the other hand, as a result of the exponential integrability lemma fLemma l3.10p . 
there exists a positive constant Cq = Co{n,p) > 0, so that, provided jiC{a) < Cq 



exp 

B{x,r) 



{ip-l)p[{^^^)'^'i)My)<<Bi.,2r)). 



Note that also, using the estimate on balls p.9p . it follows that there exists a 
positive constant C = C{n,p, (3, C{a)), so that: 



f^-P / t 

Substituting these two estimates into (|7.12p : 



^ /■°°/ a(i3(x,r)) x^^^_ / p ^aiBix^\^ d^\dr 
"" Jo ^ r"^~P ) ^^^\ Jr V t"-P / t) r 

< iv{x) - 1), 

the last inequality in the sequence follows from integration by parts. The statement 
that infa;gRi. v{x) = 1 follows from: 

inf Wi,p(dcr)(x) =0, 

the latter assertion may be verified in a similar manner to the argument around 
display (6.20) of jJV10| . This concludes the proof of the lemma. D 

Note that, for any measure a supported on 17, it follows: 

Wi^p{dcr){x) < Wl'^i^'''^^'^\da){x), for aU x e n, 

where the implied constant in the inequality depends only on n and p. Let us now 
complete the proof of Proposition 17. II 



Proof of the existence part of Proposition \7.1\ Part (i). Let us denote: 

(7.13) v{x) = exp(Wi,p(dCT)(a;)) , 

and note that by virtue of Lemma 17.41 we may choose C{a) small enough so that: 

(7.14) CiWi^p{v'P-^){x) + l<v{x) 

with Ci as in Theorem l3.3l We claim that one can choose C(cr), depending on only 
n and p, so that both: 

(7.15) V e LL(R"), and v G Ll^K^da). 
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-ApUj 


p-1 


inR" 


Uj < 


V, 


«. e wl 


;c'(R'" 


infR. 


1 u 


;-l- 





These two properties follow from applications of Theorem 13.81 and Lemma 13.51 re- 
spectively. Let us construct a sequence {uj)j so that uq = 1 and: 



(7.16) 



Suppose that uq, . . . Uj-i have been constructed. Then let Bg = 5(0, 2^) and denote 
by U: the unique solution of: 

^\u] = Gu^Zl in B,, i4 - 1 e <'P(5,). 

the existence of Ua follows from monotone operator theory (see Proposition 5.1 
in Chapter 2 of |Sho97| ). since cru^Zi G W~^'P {Bi) by hypothesis and Theorem 
13.41 Note that m^ < w, as follows from Theorem 13.31 together with the assumption 
Uj-i < V and display (|7.14p . 

The sequence (u^)^ form an increasing sequence by the classical comparison 
principle, and therefore using Theorem 1.17 of JKM92J in combination with the 
weak continuity of the p-Laplacian (see |TW02b) ). we can find a p-super harmonic 
function Uj so that it^ — > Uj almost everywhere and : 

-ApWj = au^rl in V\IC). 

Furthermore 1 <Uj < w, so infRn Uj — 1. To see that Uj £ PFj^'^(R"), note that if 
(beCg^iB,): 

\S7u'j\P(j)P < f uPzlu^cj)Pda + p [ \\7u'j\P-^u'j\V(l}\(l}P-^dx 
n Jn Jn 

Using Young's inequality on the right hand side along with blunt estimates we 
obtain: 

(7.17) / |Vi4|P^P < / vP\\7(j)\Pdx + [ vP(j)Pd(j < oo. 



The finiteness follows from (|7.15p . Using weak compactness along with the a.e. con- 
vergence it follows that Uj G W[q'^(R"). The sequence (|7.16p has been constructed. 
Appealing once again to Theorem 1.17 of [KM92| with the weak continuity of quasi- 
linear operators, we deduce the existence of a solution u of: 

-Apu = auP-^ in R". 

Furthermore 1 < u < v and so infR^ u = 1. It remains to show that u G ^^^'^(R"'), 
by this follows immediately from (|7.17p and weak compactness. Recalling the defi- 
nition of V from (|7.13p . the proposition follows. 

The proof of part (ii) is easier. Indeed, first note that under the present assump- 
tions in a, it follows from Thcorcm l3.4l and Holder's inequality that a G W~^'P (ft). 
Let uq = 1. Appealing to monotone operator theory (see e.g. |Sho97| ). we induc- 
tivly find a sequence {uj} such that: 
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Arguing inductively as in part (i), we can further suppose that Uj < v for all j. In 
addition, we may suppose v £ LP{il.) D LP{i^,da), again as in part (i) (recall il is 
bounded). 

Furthermore, the sequence {uj)j is increasing, and hence testing Uj — 1 in (j7.18p 
and using Minkowski's inequality: 

(7.19) ( / \Vuj\Pdxy^''< (j{uj-lYdS'^+<7{nf'P< (f yPdaV^^ 

From (|7.19p . we find that there exists u G W'^'P{il), so that Uj — > u weakly in 
W^'P{ft). Since Uj is an increasing sequence of supsersolutions, it is standard (see 
e.g [HKM06| ) that Uj -^ u strongly in VF^'P(iljj. It readily follows that u is a 
solution of (17.21). Furthermore u < v. D 



Since it may be of interest, we collect the results proved for the equation (|7.5p 
into a single result: 

Theorem 7.5. Let Q. he a hounded domain, or Q. = R". 

a). Suppose that u G Wi^^iyi), is a positive weak solution of I7.5\j . Then a 
satisfies li2.S\) . with constant C = 1, and furthermore: 

u{x) > 'Wf^y'^{da){x), for all xe^. 

b). Conversely, suppose that a satisfies {2.4^ , then there exists Cq = Co{n,p) > 
so that if C{a) < Cq, then there is a positive weak solution of u € W^jo'f (^) of |y.5| j, 
such that: 

u{x) < Wi*""'^^^(da)(x), for all xeQ. 

Furthermore, if D, is hounded, then u can he chosen to lie in the class W^Q'^(f7). 

Proof. The proof of (a) follows immediately from Lemma 4.2 of |JV10| . and Theo- 
rem [331 above. On the other hand, part (b) is an immediate corollary of Proposi- 
tions O and O □ 

8. Examples 

In this section we will discuss conditions on w so that our theorems guarantee 
the existence of a solution to (jl.ip . 

8.1. i^ data. Our first example concerns the case when lu G L'^{ft) for some q > 1. 
Here we will let 51 be a bounded domain. We will always extend measures and 
functions by zero outside of fl so they are defined on R". 

Proposition 8.1. Let 1 < p < n, and let fl be a bounded domain. Furthermore, 
let LJ G L'^{n) for q > 1, and suppose that a satisfies ^2.4\ l- Then, there exists 
Co ~ C{a, q) so that if C{a) < Co then there a positive constant c > 0, depending 
on n and p, together with a renormalized solution u of ^.1]) so that: 

u{x)<C{n,p,q,n) (^— u;'^{z)dz) -^ 

'-Jo \r 1^ JB{x,r) ' T 



5.1) 

c 
• exp 



'*""(") /a(B(2;,r))\i/(P-i)dr 



g' JQ \ r"-P 



■^This has already boon scon in Section |6] 
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Furthermore, for all r < 
thatue L''{n). 



nq 
n — p' 



one can choose Cq to in addition depend on r so 



Proof. Our first aim is to show that the quantities appearing in (|2.14p and (|2.13p 
arc finite almost everywhere for a choice of c > 0. To this end, let us momentarily 
Hx X E il, and denote by T: 



T'''(cr)(z) = I ^p(XBix,r)d(T){z) if 1 < p < 2, 
\^i.piXB{x,r)dcr)iz) if p > 2. 

This allows us to deal with both cases 1 < p < 2 and p > 2 simultaneously. Note 
by Holder's inequality: 



(8.2) 



„cT-(a)(.)^^ < 



B{x,r) 



„c9'T-(a)(.)^^ 



B(x,r) 



1/9' 



j'^dx 



B(x,r) 



1/-3 



Since we are assuming that a satisfies (|2.4p , it follows that the hypothesis of The- 
orem 13.81 are valid (in the case of Lebesgue measure). Therefore there exists 
Ci = ci(n,p) > so that provided cq' < ci, there is a constant C = C{n,p,q) 
so that: 



(8.3) 



gcT'-(a)(2)^^ < C{n,p,qy'^'i' ( 



j'^dx 



1/9 



IB{x,r) ^JB(x.,r) 

Let us now form the right hand sides appearing in (|2.14p and ([2.13^ : 



(8.4) 



dn 



„cW^_p(xn)(a;) 



j,n—p 



e^T'-(-)(-)rf^ 



B{x,r) 



i/(p-^)dr 
r 



Substituting (|8.3p into (|8.4p and appealing to Holder's inequality a second time, we 
derive that (|8.4p is less than a constant multiple of: 



(8.5) 



dn 



.cWl^iXfiK^) 



'^/ip~i)dr\'^/i' 



J 



dn rgC"W[p(xr2)(a:) 



j,n—p 



j''dz 



B(x,r) 



i/(p-i)dr\i/9 
r 



Since (j8.5p is bounded by a constant multiple of the right hand side of (|8.ip . it 
follows that both (j2.14p and p.lSp are finite almost everywhere for a choice of 
c > 0. Hence by Theorem l2.4[ there exists a solution u of (|l.ip so that (|8.ip holds. 
To see the regularity property, note that, for any u G L"^, we have: 



i(n) 



1 



j.n-p 



\ i/(p-i)(ir 
uj''{z)dz\ — e L-^il), for all s < n/(n -p). 



B[x,r) 



This is a standard regularity property of the nonlinear potential (and remains true 
if w'' is replace by a finite measure). For any r < qn/n — p, choose s so that: 



r n 
- < s < . 

q n — p 
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We see by applying Holder's inequality in (|8.1 

/'diam{0) -i 



(8.6) 



fdx < C 



n ^Jo 



j-n—p 



uj'^{z)dz] — ) dx 

B{x.r) ' r J 



r / qs 



expl c 



sq 



q Jo 



da 



/cr(B(2;,r))\i/(p-i)dr\ 



dx 



From Theorem 13.81 together with a covering of il by balls, we can pick c > (or 
C{a) > 0) so that: 



exp c- 
n ^ s 



sq 



'\'^f_';^Y'~'''iyx<cm, 



the proposition follows. 



D 



8.2. Weak-Aoo data. The second class we consider is when a; is a weak-Aao weight. 
We recall that nonnegative function w is a weak A^o weight if there are constants 
Cw > and > so that, for all balls B, and measurable subsets E C B: 

\E\u, ^r< rMV 
\1BU-^A\Q\) ■ 



(8.7) 



All locally integrable power weights w = |a;|' for q > —n are included in this class, 
and these form an important subclass of right hand sides for the equation (JLlJ. 
In this subclass, the pointwise bound presented in our main theorems collapses to 
a much simpler expression. The point here is that we continue to obtain a sharp 
bilateral pointwise bound for such w, in contrast to the L'^ case considered above. 



Proposition 8.2. Let Q = R" and 1 < p < n. Suppose that a satisfies \2^, and 
suppose that lo is a weak Aqo weight. There exist constants Ci, C2, Co > 0, depending 
onn,p,9 andCw, so that ifC{a) < Cq, then there exists a p-superharmonic solution 
of lEiP so that: 

, pCtMVUda)(x] 

\B{x,r)\ 



C\ 



^/ip-'L)dr 
|i((x,rjU) — 

oo , C2'Wl^(da){x) 



< u{x) < C2 / f 



\B{x,r) 



i/(p-i)dr 
r 



Proof of Proposition \8.2[ In light of Theorems 11.11 and 12.11 the lower bound in 
display (|8.8p is clear, so we only need to show the upper bound. To this end we 
need to assert the existence of a constant c > so that the bounds p.l2p and (|2.9p 
are finite, and are bounded above by the expression appearing in the right hand 
side (|8.8p . By inspection, this will follow if we show (with q = min(l, l/{p — 1))): 

'a{B{z,s)Yds- 
s 



(8.9) 



exp 



B{x,r) 



,s"-P 



duj{z) < C\B{x,4:r)l 



Provided C{(j) or c > are small enough, display 
rem 



follows directly from Theo- 

D 

8.3. Morrey space data. Our third example of w is when it lies in a suitable 
Morrey space. We will again discuss the case when 51 is a bounded domain. The 
precise condition we use is the following: there exists e > and a constant C(w) > 
so that: 



(8.10) 



uj{B{x,r)) <C{uj)r 



n—p+e 



for all balls B{x,r) C R" 
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Note that this condition is not contained in the L"^ space condition, since no higher 
integrabihty is assumed. With this condition, the foUowing holds: 

Proposition 8.3. Let Q be a bounded domain. Suppose that u satisfies \8.1U\) . and 
that (J satisfies \2.4^ . Then, there exists Cq = C(n,p, C(a;)) so that if C{a) < Cq 
then there is a positive constant c > 0, depending on n,p and C{u)), together with 
a renormalized solution u of lil.l]) so that: 

(8.11) u{x) < C(CM,f],n,p)exp[cy^ CXp ) V ' 

The proposition foUows in precisely a very similar fashion to Proposition 18.11 
above once we have asserted a suitable integrabihty result. We therefore will prove 
the following lemma, and leave the remainder of the argument to the reader: 



Lemma 8.4. Suppose that a satisfies the weak ball estimate \3. 9\) with constant 
C{a) > 0, and that lu satisfies 118. 10\) . then there exists a constant c > 0, depending 
on n, p, C{a) and C{uj) so that, for any ball B{x,r): 



(x.r) ^ io ^"-P ^ r)-c 



5.12) / expfc/ "^^,^^"^M '^Wc.<-r"-P+^ 

JB(i 



Proof. The proof we sketch is an adaptation of the dyadic shifting argument from 
[JV10| . see the argument from Lemma 4.8 through Corollary 4.11. We reduce 
matters to a dyadic version. Recall the definition of the dyadic Wolff potential 
from (4.12) of |JV10j . From the argument of Lemma 4.9 of jJV10| . in particular 
(4.19), it follows that in order to prove (|8.12p it suffices to prove that: 

(8.13) 

[ V- / |QinB(x,r)U y/(p-i) ^ / |Q2nB(x,r)u y/(P"i) 

^ /|g™nB(x,r)|,xi/(p-i) 

■•■ ^ I ^(g„0"-^ ) ^" 

< A{n,p, C{uj),C{<j)){B{n,p)C{uj)C{a)rr^-P+\ 

where all sums are taken over dyadic cubes, see Section [3^ above for notation. Let 
a be the measure a{E) = a{E n B{x,r)) and uj{E) = uj{E n B{x,r)). Note that 
any ball B{x,r) is contained in the union of at most 2" dyadic cubes {P-'}j=i,...2" 
of radius < r. The argument to show (|8.13p splits into two cases, depending on 
whether l<p<2orp>2. 

First suppose that 1 < p < 2, then note that, for any dyadic cube P g 2?, it 
follows: 

/ IQU \i/(p-i) 



.14) 



^iu^) -Wni.(.,.)) 

QCP ^^^^ 

V- / \Q\a \(2-p)/(p-i) ^(QnB(x,r)) 

Using the property on c, we bound the right hand side of (j8.14p by: 

(8.15) Cia).-^ E e(Oy-P " dc7<Ciuj)C{a).-^\P\^r\ 
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where we have estimated the sum in the integrand in the following way: for each 
z G B{x,r), z £ P-' for some j, with P^ the dyadic covering of B{x,r) as above. 
Then: 



zGQC-P ^^' zeQCPJ P^CQCP 



zSQCPJ QDPi 

< C{uj)e{P'Y + r"-P+'C{uj)i{P^f-" < r^ 
Applying (|8.14p into the left hand side of (|8.13p . it follows that: 

, .2^ , ^ / |ginB(x,r)|^ y/(p-i) ^ / |Q2nB(x,r)|^ y/(p-i) 

ym-icym-2 
Now, following (4.19) of |JV10j . we conclude that: 

/ < S™r'C(a)t^C(cr)"^V(S(a;,r)) < r"^P+'B"'C{a)"'C{a)^ , 

for a suitable constant B = B{n,p) > 0. We conclude that (|8.13p holds if p < 2. 

Let us now consider the case when p > 2. This is slightly more involved. In this 
case note: 

(8.17) \Q\^ < C(c.)V(p-i)(min(£(g),r)"-''+^)'/^^-'Vl2'-'^/'''-'^ 
Hence, if we set: 

(8.18) // = E (jr^) '''"' -(Q n Bix, r)), 

QCP ^^' 

then, using Holder's inequality in (|8.18p . it follows: 

'min(£(g), r)"-P+^ \ i/(p-i)\ (2-p)/(p-i) 



//<C(cj)i/(P~i)(^ \Q 



QdP ^^' 

v- ,^ , ,, /min(^(Q),r)"-P+^Ni/(p-i)\i/(p-i) 

QcP ^^' 

Subsequently, by Fubini's theorem: 

"<-{j £ ( °'°':g'jr"' )"""^^)^ 

^ /min(£(Q),r)"-P+^\i/(p-i) \ i^ 

< C(w)i/(P-i'C(a) 1/(^^1' min(^(P), r)''?^a;(P fl B(a-, r))(P-2)/(P-i) . 

The implicit constants here depend on n, p and e. In the previous calculation the 
integrands have been estimated in a similar manner as in (|8.16p above, splitting 
the sums over the small cubes and large cubes (compared with r). 
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One can then iterate this calculation to estimate: 

/ < (C(p,n,e))"'(C(a;)C(a))™/(P-i)r''^a;(B(x,r))(P"2)/(p-i) 

< (C(p, n, e))™(C(a;)C(c^))™/(P-lV"-P+^ 

In conclusion, we have asserted that (|8.13p holds, and therefore the lemma is proved. 

D 

9. A FULLY NONLINEAR ANALOGUE: THE /c-HESSIAN 

In this section we briefly describe how one can obtain a fc-Hcssian analogue of 
our primary results. Let 1 < fc < n/2. then we will be interested in the problem: 

\ infxeR" u{x) = 0. 

Here, F^ is the fc-Hessian operator (see |CNS85] ). defined for smooth functions u 
by: 

l<il<---<i/j<n 

with Ai, . . . A„ denoting the eigenvalues of the Hessian matrix D'^u. We will use 
the notion of fc-convex functions, introduced by Trudinger and Wang |TW99| to 
state our results. We say that u is fc-convex in 17 if it : 57 — !• [~cxd, oo) is upper 
semicontinuous and satisfies Fk{u) > in the viscosity sense, i.e. for any x £ 
n, Fk{q){x) > for any quadratic polynomial q so that u — q has a local finite 
maximum at x. We will seek solutions w > of (j9.ip so that —u is fc-convcx. This 
convention allows us to state our results in the form analogous to the quasilinear 
case. Equivalently (see jTW99| ) . we may define fc-convex functions by a comparison 
principle: an upper semicontinuous function u : 57 — > [— cxd, cxd) is fc-convex in 57 if 
for every open set D CC 57, and v £ C^ac(D) n C{D) with Fk(v) > in D, then 

The necessary condition on a is now considered in terms of the fc-Hessian ca- 
pacity, introduced again in |TW99j . The fc-Hessian capacity of a compact set E is 
defined by: 

(9.2) capj,(£') = sup{^/j [u] (i?) : u is fc-convex in R", — 1 < m < 0}. 

Here ^fc[u] is the fc-Hessian measure of u, see Theorem 19.21 below. The two local 
potentials that will be relevant for our bounds will be the fractional linear potential 
l^Ma) and Wat , , , [da), as defined in (|2.6p and (|2.7p respectively. 

Theorem 9.1. Let 1 < fc < n/2, and let a ~ 2k/ {k + 1). Suppose that u > is a 
solution of 119. 1\) so that —u is k-convex. Then a satisfies: 

(9.3) a{E) < C{<j)cap^{E) for all compact sets E C R". 
In addition there is a constant c = c{n, fc) > .so that u satisfies: 

(9.4) u[x)>c c^ ;::l / e-s^(-)(^)..(.) ^-^, 

JO ^ ^ JB(x,r) ' ^ 

for allx gR". 

Conversely, assuming the right hand side of 119. 5\} below is finite for some a: G 57 

and c > 0, there exists a positive constant Co = Co{n,k,c) > 0, such that if a 
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satisfies 119.3]} . with constant C{a) < Co, then there exists a solution u > of 119.1]} 
so that —u is k- convex, and 

(9.5) uix)<cJ f ;:_1. / e-^...(-)(^)d.(.) -^, 

Jo ^ ^ JB(x,r) ' ^ 

for all X G R". Here ci = ci(n, fc,c) > 0. 

Let $'^($1) be the set of fc-convex functions such that u is not identically infinite 
in each component of fi. The following weak continuity result is key to us. 

Theorem 9.2. }TW99| Let u G $'"'(0). Then there is a nonnegative Borel measure 
/i/j[u] in 51 such that 

• ^k[u\ = Fk{u) whenever u G C'^{Vl), and 

• If {ujn}m is a sequence in $'^(57) converging in L\^^{^) to a function u, 
then the sequence of measures {^fe[um]})ri converges weakly to ^k[u\. 

The measure iJLk\u\ associated to u G ^^{VL) is called the Hessian measure of 
u. Hessian measures were used by Labutin |Lab02| to deduce Wolff's potential 
estimates for a fc-convex function in terms of its Hessian measure. The following 
global version of Labutin's estimate is deduced from his result in jPV08| : 

Theorem 9.3. |PV08j Let 1 < k < n, and suppose that u > is such that 
—u G $'^(57) and inf^jgRn u{x) = 0. Then, if ji = Affe[u], there is a positive constant 
K , depending on n and k, such that: 

ciW^_j._^i/i(a;) < u{x) < C2W ^,.^^fi{x), x G R". 

Using Theorem 19.31 we see that there is a positive constant C > 0, so that any 
solution u of (|9.ip satisfies the following estimate: 

CJO 



(«)"W.o/ (-i / ^ .„n„..,,)""^.c/ (^-ig^)"-^ 



By iterating (|9.6p , one obtains a lower bound for u in terms of a formal Neumann 
series of iterated operators, cf. Lemma 15.21 The iterates can be estimated using 
the techniques of Lemmas 15.61 and 15.71 One then arrives at (|9.4p . The calculation 
was carried out in full for the fundamental solution in |JV10j . 

Regarding (j9.5|) . one can construct a supersolution (j9.6|) using precisely the same 
techniques as Lemma 14.41 In other words, the integral inequalities that govern the 
fc-Hessian have the same behaviour as the integral inequalities for the p-Laplacian 
when p > 2. From the integral supersolution, we conclude using Theorem 19.21 
that there exists a solution of (|9.ip so that (|9.5p holds. This mimics the iterative 
argument of |JV10| , and is similar in nature to the arguments spelled out in Section 
ini above. 

Appendix A. A tail estimate for nonlinear potentials: 
Proof of Lemma [3T6] 



Lemma A.l. Let a be a Borel measure satisfying: 

(A.l) a{B{x, r)) < Cr''^°"' , for all balls B{x, r). 
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Then there is a positive constant C = C(ri,a,s,a) > so that for all x £ M" and 
y G B{x,t), t > 0, it follows: 



(A.2) 



a{Bix,r)) 



(r{B{y,r)) 



Proof. Without loss of generality, suppose that: 

'a{B{x,r))\7^ /a(i?(y,r))x7^ 



/ a(U[x,r)) \— / a[IJ[y,r)) \-. 



dr 
r 

dr 



<C. 



>0. 



We want to rearrange the integrand so it is nonnegative. To this end, we define 
two sets: 

A^{zeIV' ■.\x-z\<\y- z\}, and B = {z elV' : \y ~ z\ < \x ~ z\}. 

Then \i z G B and j^ — x| < r, we have that I2/ — z| < r, and thus B{x, r) O B C 
B{y,r) nB so that: 



(A.3) 



ct{B{x, r) nB) < <7{B{y, r) D B), and: 



cr(B(y, r)nA) < (7{B{x, r) n A). 



(A.4) 

Using (|A.3p gives: 

/ a(i?(x,r)) xA ^ a{Biy,r)) ^7^ 



dr 
r 



< 



'a{B{x,r) nA)+a{B{y,r)r\B)\ir= 



a{B{y, r)nA) + a{B{x, r)r\B)\7^dr 

r 



17^ - HT^ 



dr 
r 



From (|A.3|) and (|A.4[) it immediately follows that the integrand in nonnegative, i.e. 
that / > //. 

The proof now splits into two cases, when 1 < s < 2 and when s > 2. First 
suppose 1 < s < 2, then note the following elementary inequality; for a, 6 £ (0, cx)) 
with a > b, and 7 > 1: 



(A.5) 



a7_57<^a7-i(a_5) 



Plugging / and // into ((X5|) yields: I^ - 11^ < j^{I - II)I^ < C{I - II). 
Here we have used the estimate (jA.l[) in the last inequality, noting that 2 — s > 0. 
As a result (in case 1 < s < 2), the lemma will follow from the following inequal- 
ity: 



(A.6) 



' aiB{x, r)nA) + <7{B{y, r) n B) 

j.n — as 

a{B{y, r)nA)+ a{B{x, r) n B) dr 



<C. 



Let us now split a into ai ~ a ■ Xii"\B{x,2t) and 0-2 = cr • XB{x.2t) ^ind if we can 
control the left hand side of (|A.6p with either ci or 172 in place of a then we are 
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done. 

The estimate for ai is a straightforward apphcation of (jA.ip : 

' 02{B(x, r) n A) + CT2(S(y, r) n B) a2{B{y, r) D A) + a2{B{x, r) n B) dr 



<Ca{B{x,2t)) 



1 dr ^ ^ a{B{x,2t)) ^ ^ 



t r"""^ r ~ (2t)"-" 



where (jA.ip has been used in this last inequahty. 

We now move onto the estimate for ai. First note that if ?- < t and y G B{x, t), 
then B{y,r) C B{x,2t) and so ai{B{y,r)) ~ 0. This ahows us to extend the 
integration to over the half line: 



' cTi {B{x, r)nA)+ CTi {B{y, r) n B) ai {B{y, r) n A) + a^ {B{x, r) D B) dr 



1 / 


T,— as 
XA 


(z) 


J.71 — as 

Xa{z) xb{z) 


Xb{z) 


r 
-7- 


n-as 7r„ 
1 / 


_\x — z 


in — Qs 

1 


|y-^r"^ \y- 
1 


da{z) 


Ix-zl"""'^] 




n - as 7r„\j 


3(x,2t) 


1 1''^' 

\x — z\ 


-as 1 in — Qs 

\y- z\ 





dai{z) 



Let z ^ B{x, 2t), then whenever y G S(x, i), it is easy to see that: 



(A.7) 



-\y-z\<\x-z\<2\y-z\ 



Note the following elementary inequality. For a, 6 G (0, oo) with a > b, and 7 > 0: 
(A.8) a'^-6''<7(aT"i+6''-^)(a-6). 

Due to (jA.7|) and (jA.Sp . and since y G B{x,t), it follows: 



I in — Qs I in — as 

\x-z\ \y-z\ 



<C- 



\x-y\ 



\n — as-\-l 



<c- 



X - z 



in — QS+1 



Combining these observations, we obtain: 
1 1 



'\B{x,2t) 



I in— as 1 in — as 

\x-z\ \y-z\ 



t 



d<yiz) < C I — j^da(z) 

\B(x,2t) \X — Z\ 



<ct 



-A^A^'t<ctr%<c. 



As a result, the lemma is proved in the case 1 < s < 2. 

We now move onto the s > 2 case. First recall that with / and // as before, we 
have / > //, and hence /^"^ — 11^^^ < (I ~ 11)^^^ . This implies that: 



/ cr(^(x,r)) \iAr _ ^ a{B{y,r)) \: 



dr 
r 



< 



'a{B{x, r)r\A) + (j{B{y, r) n B) (T{B{y, r) f] A) + a{B{x, r) n B) \ 7^ dr 
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Let e > small enough so that e(s — 2) < niin(n — as, 1) . Then, by Holder's 
inequality: 



J^{I-II)^^<Ct^^^-'\fiI^II)^ 



As-i) 



1) dr \7^ 



rl+e 



«..*-..(/ ( 



'a{B{x,r)nA) + cr{B{y,r) Ci B) 



ajBiy, r)nA)+ ajBjx, r)nB) ^ ^,(,„i, 



dr 



We wish to bound the right hand side by a constant. To this end we will split 
the measure a as before into ui and a2 ■ The following estimate for (72 follows easily 
using (|A.1|) : 



^-"( ( 



^(7^- 



'a2{B{x,r) n A) + a2{B{y,r) n B) 



a2{B{y, r)nA)+ a2{B{x,r) D S)^|^e(s-i)^\ ^ < ^ 

n~l+e j — 



We now concentrate on the a-y estimate. First we note that we may extend the 
domain of integration over the whole half line and use Fubini's theorem as in the 
1 < s < 2 case to find that 



i^(T^-i) 



a(B{x, r) n yl) + cr(B(y, r) n B) 



(j{B{y,r)nA)+a{B{x,r)nB) ^^^^^_,) dr ^ih 



= 111. 



^\B{x,2t) 



1 



1 



i — as — e{s—l)-\-e 



\y-z\ 



I — as — e(s — l)+e 



d(j{z) 



Now by adapting the previous argument in the s < 2 case, we have: 



la; - ,^\r.-c.s-e(s-l)+e |^ _ ^ |„-as-.(s-l)+. 



<C- 



I — as — e(s— l)+e+l 



Hence 



ta{B{x,r)) dr\ j^T 



< Cf^ 



*--'( 



2t ^ 



n — as — e(s— l)+e + l 



<C, 



where in the last inequality we have used (|A.ip , then we are left with a convergent 
integral by choice of e. This completes the proof in the case s > 2. D 
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Appendix B. Duality in discrete Littlewood-Paley spaces 

Lemma B.l. Fix a dyadic cube P (z Q, and let s > 1. There is a constant 
c ~ c{s) > such that: 






(B.l) 



- sup ^ Aq^qIQI, 



< 



IXL^ 



xeQcP 



1/s 



da{x) 



< c sup ^^ 

{f^Q}QCP QcP 



"^ AgpiglQIo., 



where the supremum is taken over all sequences {/iglgcP satisfying: 
(B.2) ^ 



QCP \Q\ 



E A^«I^U<1- 



"' RcQ.ReQ 

Proof. The lower estimate is known to be a (nontrivial) consequence of the Carleson 
measure theorem, Theorem 13.91 A proof can be found in Theorem 4, part (b) of 
|Ver96j . see also Theorem 3.1 of |NTV03| . To prove the upper estimate, write: 

,{ E ^q}''''^'^(^) = E ^Q / { E ^bY^'m^) 



/, 



x^Q<ZP 



E ^Q iQi. 

QCP 



?CP 

1 



{ 



xeB.cP 



l-l/s 



Z-^x 



GPCP'^P 



> da{x) 



Let us set: 



l^Q 



A? 



1/ 






> da{x). 



\Q\c, Jq ^Hxi 

It remains to see that {^q} is admissible for (jB.2p . This is a simple consequence of 
Holder's inequality and interchanging summation and integration. Indeed, for any 
Q C P, and with this choice of fig, it follows: 

A! 



E i^iM.< T. f y 



B(1Q,B.£Q 



B.CQ,R£Q' 



xescP'^s 



da{x) 



y 



gPC Q ^P 
x^S<ZP^% 



da(x) < \Ql 



as required. 
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